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Abstract. In the first part of this paper, we survey results that are associated with three types of Laplacian 
matrices:difFerence, normalized, and signless. We derive eigenvalue and eigenvector formulaes for paths and 
cycles using circulant matrices and present an alternative proof for finding eigenvalues of the adjacency matrix 
of paths and cycles using Chebyshev polynomials. Even though each results is separately well known, we unite 
them, and provide uniform proofs in a simple manner The main objective of this study is to solve the problem 
of finding graphs, on which spectral clustering methods and normalized cuts produce different partitions. First, 
we derive a formula for a minimum normalized cut for graph classes such as paths, cycles, complete graphs, 
double-trees, cycle cross paths, and some complex graphs like lollipop graph LP,,,,,, roach type graph R„ji, and 
weighted path Pn^t- Next, we provide characteristic polynomials of the normalized Laplacian matrices £.(P„,k) 
and -L{R„^k)- Then, we present counter example graphs based on R„ji, on which spectral methods and normalized 
cuts produce different clusters. 

Keywords, spectral clustering, normalized Laplacian matrices, difference Laplacian matrices, signless Laplacian 
matrices, normalized cut 
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1 . Introduction 

Clustering techniques are common in multivariate data analy- 
I sis, data mining, machine learning, and so on. The goal of the 
clustering or partitioning problem is to find groups such that 
entities within the same group are similar and different groups 
are dissimilar. In the graph-partitioning problem, much atten- 
tion is given to find the precise criteria to obtain a good parti- 
tion. Clustering methods that use eigenvalues and eigenvectors 
of matrices associated with graphs are called spectral clustering 
methods and are widely used in graph- partitioning problems. 
In particular, eigenvalues and eigenvectors of Laplacian matri- 
ces play a vital role in graph-partitioning problems. In 1973, 
Fiedler defined the second smallest eigenvalue A2 of a differ- 
ence Laplacian matrix as the algebraic connectivity of a graph 
Il2l- In 1975, he showed that we can decompose a graph G 
into two connected components by only using the sign structure 
of an eigenvector related to the second smallest eigenvalue 18|. 
In 2001, Fiedler's investigation was extended by Davies using 
the discrete nodal domain theorem [5|. Laplacian, normalized 
Laplacian, and adjacency matrices with negative entries can be 
used with the nodal domain theorem. This theorem is useful to 
identify the number of connected sign graphs of a given graph 
on the basis of their eigenvectors and eigenvalues. 

In 1984, Buser O investigated the graph invariant quantity 

i(G) — min ^^p' which considers the relationship between size 

of a cut and the size of a separated subset U. He defined the 
isoperimetric number i{G), and the optimal bisection was given 
by the minimum /(G). Guattery and Miller ||9] [TOl considered 



two spectral separation algorithms that partition the vertices on 
the basis of the values of their corresponding entries in the sec- 
ond eigenvector and, in 1995, they provided some counter ex- 
amples for which each of these algorithms produce poor sepa- 
rators. They used an eigenvector based on the second smallest 
eigenvalue of a difference Laplacian matrix as well as a specified 
number of eigenvectors corresponding to the smallest eigenval- 
ues. Finally, they extended it to the generalized version of spec- 
tral methods that allows for the use of more than a constant num- 
ber of eigenvectors and showed that there are some graphs for 
which the performance of all the above spectral algorithms was 
poor. We follow their methods especially in the cases of graph 
automorphism and even -odd eigenvector theorem for the con- 
crete classes of graphs such as roach graphs, double-trees, and 
double-tree cross paths. We prefer to use a normalized Lapla- 
cian matrix rather than a difference Laplacian matrix, and de- 
scribe these properties in terms of formal graph notation. 

In 1997, Fan Chung ||4] discussed the most important theo- 
ries and properties regarding eigenvalues of normalized Lapla- 
cian matrices and their applications to graph separator prob- 
lems. She considered the partitioning problem using Cheeger 
constants and derived fundamental relations between the eigen- 
values and Cheeger constants. In 2000, Shi and Malik fl4l pro- 
posed a measure of disassociation, called normalized cut, for 
the image segmentations. This measure computed the cut cost 
as a fraction of total edge connections. The normalized cut is 
used to minimize the disassociation between groups and maxi- 
mize the association within groups. However, minimization of 
normalized cut criteria is an non-deterministic polynomial-time 
hard (NP- hard) problem. Therefore, approximate discrete so- 
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lutions are required. The solution to the minimization problem 
of the normalized cut is given by the second smallest eigenvec- 
tor of the generalized eigensystem, (D - W)y - ADy, where D 
is the diagonal matrix with vertex degrees and W is a weighted 
adjacency matrix. Shi and Malik used a minimum normalized 
cut value as a splitting point and found a bisection using the 
second smallest eigenvector They realized that the eigenvectors 
are well separated and that this type of splitting point is very re- 
liable. The normalized cut introduced by Shi and Malik [MJ is 
useful in several areas. This measure is of interest not only for 
image segmentation but also for network theories and statistics 
I[ll[l3l[l2i4.i5j. 

In this study, we review the known results regarding the dif- 
ference, normalized, and signless Laplacian matrices. Then, 
we give uniform proofs for the eigenvalues and eigenvectors of 
paths and cycles. Next, we analyze the minimum normalized 
cut from the view point of connectivity of graphs and compare 
the results with those of the spectral bisection method. Special 
emphasis is given to classify the graphs, that poorly perform on 
spectral bisections using normalized Laplacian matrices. We use 
the term Mcut(G) to represent the minimum normalized cut and 
LcutiG) to represent the normalized cut of the bipartition cre- 
ated by the second smallest eigenvector of the normalized Lapla- 
cian based on the sign pattern. Finding Mcut(G) for a graph is 
NP-hard. However, we derive a formula for Mcut(G) for some 
basic classes of graphs such as paths, cycles, complete graphs, 
double-trees, cycle cross paths, and some complex graphs like 
lollipop type graphs LP„ ,„, roach type graphs R„ ii and weighted 
paths P„ ii. Next, we present characteristic polynomials of the 
normalized Laplacian matrices -C{P„^k) and -CiRn.k)- We provide 
counter example graphs on the basis of a graph R„ ii on which 
Mcut(G) and LcutiG) have different values. 

This paper is organized as follows. In section 2, we present 
basic terminologies and key results related to the difference, nor- 
malized, and signless Laplacian matrices. In particular, we sum- 
marize the upper and lower bounds of the second smallest eigen- 
values. We also define graphs that are used in other sections us- 
ing formal notation. In section 3, we review the properties of the 
Mcut(G) of graphs and derive formulae for the Mcut(G) of some 
basic classes of graphs and some complex graphs such as R„ it, 
P„,k, and LP„j„. In section 4, we consider the eigenvalues and 
eigenvectors of paths and cycles for the three types of Lapla- 
cian matrices introduced above. In particular, we review the 
eigenvalue formulae for the three types of Laplacian matrices 
using circulant matrices and then review an alternative proof for 
the eigenvalues of adjacency matrices of paths and cycles using 
Chebyshev polynomials. We also give concrete formulae for the 
characteristic polynomials of the normalized Laplacian matrices 
■C{Pn,k) and Jl,(Rn,k)- In section 5, we provide counter example 
graphs for which spectral techniques perform poorly compared 
with the normalized cut. Specifically, we find the conditions for 
which McutiG) and LcutiG) have different values on the R„^k 
graph. 

2. Preliminaries 

An undirected graph is an ordered pair G - ( V(G), EiG)), where 
y(G) is a finite set, elements of which are called vertices, and 



we represent ViG) as ViG) - {vi, V2, . . . , v„). EiG) is a set of 
two-element subsets of ViG), called edges. Conventionally, we 
denote an edge {v/, Vj] by (v,-, v^) in this paper Two vertices v, 
and V j of G are called adjacent, if (y,-, vj) e EiG). For simplicity, 
sometimes we use V instead of ViG) and E instead of EiG). 
The number of vertices in G is the order of G and the number of 
edges is the size of G. For a given subset S Q V,\S \ represent 
the size of the set S . For a subset A c y, we represent the set 
of vertices not belongs to A as V \ A = {v,- | v,- i A). A graph of 
order 1 is called a trivial graph. A graph which has two or more 
vertices is called a nontrivial graph. A graph of size is called 
an empty graph. Assume that all graphs in this paper are finite, 
undirected and have edge weight 1 . 

Definition 1 (Adjacency matrix). Let G - (V, E) be a graph and 
|y| = n. The adjacency matrix A(G) - iaij) of an undirected 
graph G is a n X « matrix whose entries are given by 

_ f 1 if (v,-, Vj) e E, 
1 otherwise. 

Definition 2 (Degree). The degree di of a vertex v, of a graph G 

n 

is defined as di - ^ fl,y. Minimum and maximum degree of a 

graph G are denoted by 5(G) and A(G), respectively. 

Definition 3 (Degree Matrix). The diagonal matrix of a graph G 
is denoted by DiG) - diagid\ ,d2, ■ ■ . , d„), where d, is the degree 
of a vertex v,-. 

Note: For simplicity, sometimes we use D instead of DiG). 

Definition 4 (Volume). The volume of a graph G - (V, E) de- 

\v\ 

noted by voliG) - ^ c/, , is the sum of the degrees of vertices in 

(=1 

V. The volume of a subset A c V is denoted by vo/(A) - ^ di. 

ieA 

Definition 5 (Edge Connectivity). The edge connectivity of a 
graph G is denoted by K'iG), is the minimum number of edges 
needed to remove in order to disconnect the graph. A graph is 
called A:-edge connected if every disconnecting set has at least k 
edges. A 1-edge connected graph is called a connected graph. 

Definition 6 (Cartesian product). The Cartesian product of 
graphs G and H is denoted by GuH = iViGaH), EiGaH)), 
where y(Gn//) = ViG)xViH) and EiGnH) = {(mi,vi),(m2,V2) 
\ ui — U2 and (v'l, V2) e EiH) or vi — V2 and (mi, M2) 6 EiG)}. 

We note that GinG2 = G2nGi, 5(GinG2) = 5(Gi) + 6iG2), 
and K'iGaH) = min{/(G)|y(^r)U'(i/)|y(G)U(G) + 6iH)}. 

Definition 7 (Path). Let G = (V, E) be a gi'aph. A path in a 
graph is a sequence of vertices such that from each of its ver- 
tices there is an edge to the next vertex in the sequence. This is 
denoted hy P = iu - vo,vi, ... ,vii = v), where (v,-, v,+i) € E for 
< / < ^ - L The length of the path is the number of edges 
encountered in P. 

Definition 8 (Shortest Path). Let G = iV,E,w) be a weighted 
graph. Let P be a set of paths from vertex / to j. Denote iip), 
the length of the path p € P. Then p is a shortest path if iip) = 
min^yeP tip'). 

Definition 9 (Distance). The distance between two vertices 
i, j e V of the graph G is denoted by distil, j) is the length of a 
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shortest path between vertex / and j. 

Definition 10 (Diameter). The diameter of a graph G - {V, E) 

is given by diam{G) - v!\ax{dist{i, j) \ i, j € V]. 

Definition 11 (Permutation matrix). Let G = (V, E) be a graph. 
The permutation (p defined on V can be represented by a permu- 
tation matrix P - (pij), where 



, 1 if Vi ^ cf>(vj), 
' otherwise. 



Definition 12 (Automorphism). Let G - {V,E) be a graph. 
Then a bijection : V — > V is an automorphism of G if 
(vi,Vj) e E then {(p{vi),(p{vj)) e E. In other words automor- 
phisms of G are the permutations of vertex set V that maps edges 
onto edges. 

Proposition 1 (Biggs f2\). Let A(G) be the adjacency matrix of 
a graph G — (V, E), and P be the permutation matrix of permu- 
tation (j) defined on V. Then <p is an automorphism of G if and 
only if PA = AP. 

□ 

Definition 13 (Weighted graph). A weighted graph is denoted 
by G = (y, E, w), where w : £ — > ^R. 

Definition 14 (Weighted adjacency matrix). The weighted ad- 
jacency matrix W - iwij) is defined as 



Wii = 



w{i,j) if (i,j)eE, 







otherwise. 



The degree d, of a vertex v,- of a weighted graph is defined 

n 

by di - ^ Wij. Unweighted graphs are special cases, where all 
edge weights are or L 

Definition 15 (Graph cut). A subset of edges which disconnects 
the graph is called a graph cut. Let G = (V, E, w) be a weighted 
graph and W = (w,j) the weighted adjacency matrix. Then for 
A,B(zV and A n B = 0, the graph cut is denoted by cut(A, B) - 

ieAJeB 

Definition 16 (Isoperimetric number). The isoperimetric num- 
ber i(G) of a graph G of order n > 2 is defined as 

cut(S,V\S) n 
i(G) = min{ ^'^^ \ S c y,0 < |5| < -). 



Definition 19 (Weighted diff'erence Laplacian). The weiglited 
difference Laptacian L(G) = (/,/) is defined as 



di-Wii if Vi-Vj, 







if Vj and vj are adjacent and v, vj, 
otherwise. 



This can be written as L(G) = D(G) - W(G). 

Definition 20 (Weighted normalized Laplacian). The weiglited 
normalized Laplacian -C(G) = (iij) is defined as 



if V, and vy are adjacent and v,- 7^ vj. 



otherwise 



Lemma 1. Let G be a graph, n the size of graph G, A - (w/^) a 
weighted adjacency matrix ofG, A an eigenvalue of £.{G) and x 
an eigenvector corresponding to A with x^x — I. Then, 



Proof. Let D be the degree matrix of G. The normal- 
ized Laplacian matrix X.(G) is defined by D^{D - A)D J. 
Let y be a vector with size n and x = D^-y. Then 

x^J:(G)x = [D^-yf £(G){D-2y) = y^D^-£(G)Dh = /(D - 

n n n n n ^ 



, n n 



'=1 i=i 



/=1 ;=I 



Since x is an an eigenvector of 



X(G) corresponding to /I and x^ x = 1, we have A - 



x^iAx) 



x^(£{G)x) 1 



2ZZ 



There are several properties about bounds of the second 
eigenvalue A2. 

Proposition 2 (Mohar lfTTIl '). Let G = (V, E) be a graph and A2 
be the second smallest eigenvalue ofL(G). Then, 



Ai 



< i(G) < ^(2h{G) - A2)A2. 



Definition 17 (Cheeger Constant-edge expansion). Let G - 
(V, E) be a graph. For a nonempty subset S <zV, define 
cutis, V\S) 

hciS) = . , ,,,, . The Cheeger constant(edge 

mm(vo/(5), vol(V \S)) 
expansion) he is defined as he = min hdS). 

Definition 18 (Cheeger constant-vertex expansion). Let G = 
(V, E) be a graph. For a nonempty subset S <zV, define 

gciS) = ■ , CNN ' where 6S ^ {v ^ S : (m, v) e 

mm(vo/(5 ), vol{V \S)) 
E,u e S}. Then the Cheeger constant( vertex expansion) gc is 

defined as gc = rnin^G('5)- 



Proposition 3 (Chung|i4|). Let G be a connected graph and he 
the Cheeger constant of G. Then, 



L 



vol{G) 



< he. 



2. 1 - ^\-hl < A2, 



hi 

3. y < -^2 < 2hc. 



and 
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Matrix M 

Adjacency 
A{P,) 



Difference Laplacian 



Normalized Laplacian 



Signless Laplacian 



10 
10 10 
10 1 
1 j 



1-10 

-12-10 
0-12-1 
0-1 i ) 



1 

1 

" V2 






V2 

1 

_ 1 

2 







_i 

2 



_1_ 

V2 






1 

" V2 



110 
12 10 
12 1 
11 



Table 1: Matrices associated with graphs. 



Definition 21 (Signless Laplacian). The weiglited signless 

Laplacian SL(G) = (slij) is defined as 



di + if V,- = Vj, 

Wij if x'i and Vj are adjacent and v,- Vj, 







otherwise. 



This can be written as SL(G) - D + W. 

Definition 22 (Path graph). A path graph f „ = {V„, E„) consists 
of a vertex set V„ - {v/ | I e Z^,Z < n] and an edge set E„ - 
{(v/,v/+i)| !</<«}. 

Example 1. The Table [T| shows an adjacency matrix and the 
three Laplacian matrices discussed in the above for path graph 
Pa- 

Lemma 2. Let G — {V, E, w) be a weighted graph. Then the 
eigenvalues of X,(G) and D^^L(G) are equal. 

Proof. D'^L = D \D - W) = / - D 'W = D'^'^DD'^'^ - 
^-1/2^-1/2^ = D-^'^(D - W)D-^'^. Therefore D-^L(G) = 
X.{G) and has the same spectrum. □ 

Definition 23 (Regular graph). A graph G - (V,E) is called 
r-regular, if dj = r (i - I, . . . , \V\). 

Lemma 3. Let ^i,{i — I, ... ,n) be eigenvalues of difference 
Laplacian matrix L(G) — D(G) — A(G). Then for any regular 
graph of degree r, normalized Laplacian eigenvalues are Aj — 

r 

Proof L = (D - A) = rl - A. Then X(G) = D-^'^LD-^^^ = 

-^(rl - A)^ = / - -. Then rUG) = L(G). If fn is an 

eigenvalue of L then it is an eigenvalue of rX.{G). This shows 

that/l(i:(G)) = -(/= l,...,n). □ 
r 

Proposition 4. Let -C{G) be the normalized Laplacian matrix of 
a graph G and P be the permutation matrix corresponding to the 
automorphism cp defined on V. If U is an eigenvector of £.{G) 
with an eigenvalue A, then PU is also an eigenvector of £.{G) 
with the same eigenvalue. 



Proof. From the definition of automorphism P^X.{G)P - -C{G). 
Then £(G)U = AU implies that (P'^J:(G)P)U = AU. Since 
PP^ = /, we get J:(G)PU = A(PU). If U is an eigenvector of 
X.(G) with an eigenvalue A then PU is also an eigenvector with 
the same eigenvalue. □ 

Remarks.This result holds for any matrix associated with a 
graph under the automorphism defined on a vertex set. 

Definition 24 (Odd-even vectors). Let G = (V, £) be a graph 
and : y — > y be an automorphism of order 2. A vector x is 
called an even vector if x, - x^(i) for all 1 < i < n and a vector 
y is called an odd vector if yi = -^^(i) for all I < i < n, where 

n = \V\. 

Proposition 5. Let G be a graph, (f> be an automorphism of G 
with order 2 and P a permutation matrix of cp. If an eigenvalue 
of £.{G) is simple then the corresponding eigenvector is odd or 
even with respect to (p. 

Proof. Let A be an eigenvalue, U an eigenvector of X.{G). If 
A is simple then PU and U are linearly dependent. Then there 
exists a constant c such that PU = cU. Since P^ - I for an 
automorphism of order 2, lU - cPU - c^U and c - +1. Then 
PU = f/ or PU - -U. Hence an eigenvector U is odd or even 
with respect to (p. □ 

Definition 25. Let G = (y E) be a graph, V = {v, | 1 < / < n} 

(« = \V\) and U = (mi, M2, . . ■ , m„) e %" a vector. We define 
three subsets of V as follows: 

V^iU) = {v,. e y I M,. > 0), 
V-{U) = {vi eV\ui< 0), and 

{vi € y I M,- = 0). 



V°{U) 



Lemma 4. Let X.(G) be the normalized Laplacian of graph G 
and U — (ui),(i — l,...,n) the second eigenvector If U 
then V^(U) + and V'iU) + 0. 

Proof. The vector is an eigenvector corresponding to the 
zero eigenvalue. Since the second eigenvector U is orthogonal 
to D5 f, (D! \fU = and 2, V^m,- = 0. Since d; > 0, t/ 0, 
there exist at least two values such that u\ > and uj < for 
/ ^ j. Hence V^(U) + and V'iU) + □ 

Lemma 5. Let G be a graph with an automorphism <p of or- 
der 2. Let U — {u\,U2, . . . , u„) be an eigenvector and (p{U) = 
(u^{Y), M0(2), ■ ■ ■ , M0(«))- IfU^O and (p(U) - -U then V'^(U) + 
and y"(f/) + 0. 

Proof Assume y+(f/) = 0. If m; < 0,(i = !,...,«), ^{U) = 
-U implies that M0(,) > 0. This contradicts that V^(U) = 0. 
Similarly, if we assume that V^(U) = and > for (/ = 
l,...,n), then <p(U) = -U implies that M0(,) < 0. Then this 
contradicts that y (t/) = 0. If m,- = 0, (/ = 1, . . . , n), then U - 
and contradicts that U ^ 0. □ 

Proposition 6 (Guattery et al.||9l). Let P„ be a weighted path 
graph and £.(Pn) be its normalized Laplacian matrix. For any 
eigenvector X = (xi , X2, . . . , x„), 

I. xi = implies X - 0, 
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2. x„ — implies X — and, 

3. Xi — ;c/+i - implies that X - 0. 



Lemma 6 (Guattery et al.lHl). For a path graph P„, X.iP„) has 
n simple eigenvalues. 

Proof. Let U — (ui,U2, . . . , m„) and U — (Si , M2, . . . , m„) be two 
eigenvectors of -C{P„) with eigenvalue A. From the proposi- 

u„ 

tion|6l we have Un + and u„ + 0. Let a - — , where a + 



'0 



Consider £(P„)(aU - t/) = AiaU - U). The «-th element of 
{all - U) is (m„m„ - M„M„) = 0. Then aU - U. Thus U and U 
are linearly dependent and hence A is simple. □ 

Proposition 7. Let P„ be the path graph and (p the automor- 
phism of order 2 defined on V(P„). Then any second eigenvector 
U2 of £,{P„) is an odd vector 

□ 

Example 2. Let 



M = 



and 
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If Um is a second eigenvector of M then by the Proposition |4] 
PUm is also a second eigenvector By the Proposition |5] PUm - 
Um or PUm - —Um- By the Proposition]?] J/m is an odd vector 
and PUm - -Um- 

Definition 26 (Weighted Path). For « (n > 1) and k(k> 1), the 
adjacency matrix {Pij) of a weighted path Pn,k - (Kis) is the 
{n + k)x{n + k) matrix such that 



(/ = j and / < «) or (/ j + \ and j + i + 1), 

1 (i - j and n + I < i) or (/ - j + I or j - i + 1). 

, x„+t} and E 



That is y = {xi, X2, - - . , Xn, x„+i, 
{(xi,xj)\Pij ^ 1,1 <i,j<n + k}. 

Let 2 be an alphabet and E* a set of strings over E including 
the empty string e. We denote the length of w e Z* by Let 
S-=« ^ {we E*||w| < n) and 1]=" = {w e r|l < \w\ < n). In this 
paper, we assume S - {0, 1). 

Definition 27 (Complete binary tree). A complete binary tree 
r„ = (y, E) of depth n is defined as follows. 



y 



Definition 28 (Double tree). A double tree DT„ - (y E), where 
« is the depth of the tree, consists of two complete binary trees 
connected by their root. We define double tree as follows. 



y 

Ex 
El 
E 



{x(w) I w e Y^"] U {y{w) \ w e S'^"), 
[{x{w), x(wu)) I w e M e S), 

{(j(w),y(wM)) I w e -L^^^-^l u e I), 
£iU£2U{(x(e),3;(e))). 



Definition 29 (Cycle). A cycle C„ = (y„,£'„) consists of a 
vertex set y„ = {v/ | / ^ ^ «) and an edge set E„ = 

{(v,,y,+i)| 1 </<n)U{(vi,v„)). 

Definition 30 (Complete graph). A complete graph K„ = 
{V„,E„) consists of a vertex set V„ = [v, | 1 < i < n} and an 
edge set E„ - {(v;, Vj) \ i ^ j and 1 < / < n, 1 < j < n}. 

Definition 31 (Graph R„^k)- The graph R„^k(n > > 2) is a 
bounded degree planer graph with a vertex set y = yi U y2 and 
an edge set E - E\ U £2 U £3. 



Vi 

Vi 
Ex 
El 
Ei 



{x,- I 1 < / < n + k}, 
{y,- 1 1 < < n + k}. 



{(x,-,x,+i) |l</<« + ^- l), 
{(yi,yi+i) \n + k+l<i<2(n + k)-l} 
{(xi,yi) \ n + I < i < n + k}. 



Definition 32 (Cycle cross paths C,„nP„). Let C,„ be a cycle 
with V - {Ci \ I < i < m] and E - {(c,-,c,+i) | 1 < / < m] U 
{(ci,c,„)). Let Pn be a path with y = {p; | 1 < / < n] and 
E - {(pi, pi+[) I 1 < / < n). Graph C„,aP„ has n copies of cycles 
C,n, each corresponding to the one vertex of the path graph. A 
vertex set V and an edge set E - Ei \J Ei \J Ej, of CmaP„ is 
defined as follows. 



y = 

El = 

El = 

£3 = 

E = 



{(c,-, pj) I 1 < / < m, 1 < j < n], 

m 

\J{{{ci,pj),(ci^Pj^y))\l<j<n-l] 



;=1 



\J{{{Ci,Pj),{CM,Pj)) I 1 < / < m - 1) 
i=l 

{((cupi),{c„„pi))\ 1 </<«), 
£1 VJEiVJE-i. 



Example 3. Double tree DTj, shown in the Figure 1(a) has 
a vertex set V = {x(e),x(Q),x(\),y(e),y{Q),y{\),x{m),x{0\), 
x(10),x(ll),y(00),y(01),y(10),y(ll)) and an edge set E = 
{(x(e),y(e)), (x(e), x(0)), (x(e), x(l)), (y(e),ym, (.y(e),y(m 
(x(0), x(00)), (x(0), x(01)), (x(l), x(10)), (x(l), x(ll)),y(0),3'(00)), 
((3'(0),3'(01)),(3'(1),3'(10)),(X1),3'(11)). Graph Rs,5 shown in 



{(w, wu) I w e r 



<(«-!) 



U G S). 



the Figure 1(b) has a vertex set V = {xi, X2, X3, X4, X5, X6, X7, 
X8,X9,xio,}'i,}'2,}'3,3'4,3'5,3'6,}'7,3'8,}'9,3'io) and an edge set 
E = {(x6,y(,),(xT,yj), (xs,ys),(xg,yc)),(xiQ,yiQ)}. 

Definition 33 (Lollipop graph LP„^,n). The lollipop graph 
EPn,mAn ^ 3,m > 1) is obtained by connecting a vertex of 
K„ to the end vertex of P,„ as shown in the Figure |2] We 
start vertex numbering from the end vertex of the path. Define 



normalized cut Ncut(A, E) of G is defined by 



MOO) x(l)l) <(I0) 



y(00) yjoil y(IO) 



(a) Double Tree 07*3 



(b) R5.5 

Figure 1: Double tree DT^ and graph R„,k{n - 5,k - 5). 

LPn,m - {V, E) as follows. 

V = {xi,X2,...,x,„,yi,...,y„}, 
E = {(Xi, Xm) I 1 < / < m - 1) U {{yi,yj) \ i + j, 
!</<«,! < j <n}\J{(x„,yi)}. 



Ncut(A, B) = cut{A, B) I ], + ^ 



vo/(A) vo/(B) 



Definition 35 (Mcut(G)). Let G = (V, E) be a connected graph. 
The Mcut(G) is defined by 



Mcut(G) = min{McMfj(G) | = 1,2, . 



Where, 



Mcutj(G) = min{A'cMf(A, V\A)\ cut(A, V\A) = j,AcV]. 

Example 4. Graph G - (V, E) shown in the Figure[3]has vertex 
set V = {1,2,3,4,5,6,7) and edge set £ = {(1, 2), (2, 3), (3, 1), 
(3,4),(1,4),(1,5),(3,6),(6,5),(7,5),(7,6)). Volume of the 
graph is 20. We compute normalized cut for the following cases. 
Case(l)A = {1,2,3,4),B = {5, 6, 7), voZ(A) = 12,vo/(B) = 8, 
cut(A, B) = 2 and Ncut(A, B) = 0.417. 

Case(2)A = {1,2,3), B = {4, 5, 6, 7), vo/(A) = 10,vo/(B) = 10, 
cut(A, B) = 4 and Ncut(A, B) = 0.8. 

Case{3)A = {1,3, 4,5, 6,7), B = {2),voZ(A) = 2,vo/(B) = 18, 
cut(A,B) - 2 and Ncut(A,B) - 1.1111. Comparing above 3 
cases, we obtain Mcut(G) for the case(l). 




(a) G = (V,E) 



(b) Case(\) 




Figure 2: Graph LPn „,{n - 10, m = 2) 



3. Minimum NORMALIZED CUT OF GRAPHS 





(c) Case(2) (d) Case(3) 

Figure 3: Normalized cut example. 



Lemma 7. Let G — (V, E) be a connected graph. Then 
H TTTTT — rr I is minimum when vol{A) - vol(V \ A) 



vol(A) vol(V\A) 
voUG) 



We use the term Mcut(G) to represent the minimum normalized 
cut. In this section, we review the basic properties of McutiG) 
and its relation to the connectivity and second smallest eigen- 
value of normalized Laplacian. We derive Mcut(G) of basic 
classes of graphs such as paths, cycles, double trees, cycle cross 
paths, complete graphs and other graphs such as /?„ i, P„ ^ and 
I P 



3.1. Properties of minimum normalized cut Mcut{G) 

Definition 34 (Normalized cut). Let G = (V, E) be a connected 
graph. Let A, B c y, A 5t 0, B 5t and A n B = 0. Then the 



Proposition 8. Let G = {V, E) be a connected graph, A Q V 
and A(G) the maximum degree ofG. Then 

L cut(A,V\A)>K'(G), 
Ak'{G) 

2. McutiG) > — and 

A(G)|y| 

3. If cut(A, y \ A) = k'{G) and 2vol{A) = vol{G) then 

4/c'fG) 

Mcut(G) = 



vo/(G) 



Proof. 
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1. Since k'{G) is the edge connectivity, cut{A, V \A) > k'{G) 
for any A QV. 



2. From Lemma 



1 



1 



yVoHA) vol(y\A) 
vol(A) = voliV \ A). That is ' ^ 



is minimum when 
1 



+ 



vol(A) vol{V \ A) 



> 



vol(A) vol{G) 

Ncut{A, y \ A) = cut(A, V \ A) 
Ak'{G) 

A(G)|yr 



Since vol{G) = ^t/; < \V\l\{G), 



i=\ 

1 1 
+ 



vol{A) vol{V \ A) 



3. If CM/(A, V\A) = k'{G) and 2vol{A) = voZ(G) then it is clear 

'Xk'(G') 
that,McMKG)= — 

vol(G) 



Proposition 9 (Luxburg |16|). Let G - {V,E) be a connected 
graph and A c V. Let Ai < A2 < ■ ■ ■ < A„ be eigenvalues of 
£(G). Then Mcut(G) > Azi-CiG)). 

Proof. LetV = {1,2,. ..,«). LetA c V, ^ = (gi,...,g„) e %" 
an eigenvector and g = D^^^f. Define f as 



fi 



Then 



i:tii:;=i(/i-/i)Vi 
2i:uf^d> 



a if / e A, 
-b if a A. 



IcutiA, iV \ A))(fl + bf 
2(ah'ol(A) + bh'oliV \ A)) ' 



Let this as X. 

Now let a - vol(V \ A) and b - vol{A). Then we have 



X = 



cut(A, (V \ Amvol(G)f 



vol(V \ A)2vo/(A) + voliA^voliV \ A) 

cut{A, {V \ A))(vol(G)f 
vol(V \ A)vol(A)(voliA) + vol(V \ A) 
cut(A, (V \ A))(vol(G)) 



vol{V \ A)voZ(A) 



cut(A,(V\A)) 



1 



1 



yVoliV\A) vol(A)j 
= Ncut{A, V \ A). 

With the choice of f,a,b we have, (Dtff 

n 

Y^dif = - ^^^,/7 = 0. So / ± 



D\. 



i=l 

Since /I2 



inf 



HA 

zurj=,if-fj)'^i, 



we have /I2 < 



fj.Di '^YIi=\ffdi 

:r— = min Ncut(A, (V \ A)) = Mcut(G). a 

2Y:U ffdi A 

Lemma 8. Let G — (V, E) be a connected graph, A a nonempty 
subset of V. Then 

4cut(A, V\A)- voKV) 



(i) Ncut(A, V\A) : 



(vol(V)y - (vol(A) - vol(V \ A)y- 



and 



(ii) McutjiG) = — - — — ^ — , where 

^ voi{vy--Xj 

Xj = min{(vo/(A) - voKV \ A)f \ cut(A, V\A) = j, A G V]. 

Proof, (i) Let s - vol(V), j = cut{A, V \ A), sa - vol(A) and 
s^ = vol{V \ A). Since 5 = 5^ + s^, we have sa - s^ - 2sa - s 
and s^ - (sa - Sa)^ = Asasa- 

Ncut(A,V\A) = ;■■(— + —) 
Sa Sa 

jisA + Sa) js 



SaSa SaSa 

4-js 

s^ - (sa - Sa)^ 

(ii) It is followed by the definition of Mcutj(G) and (i). □ 

Lemma 9. Let G — (V, E) be a graph. If there exists a nonempty 
subset A <z V such that 



\vol(A) - voKV \ A)| < 



vol(V) 



^Jcut{A, y \ A) + 1 



then 



Mcut(G) = mm{Mcutj(G) | ; = 1, 2, . . . , cut(A, V \ A)}. 
Proof Let j = cut(A, V \ A), a = \vol{A) - vol{V \ A)|, s 

s- 

j+i 



vol(V), Sa - vol(A) and Sa - vol(V \ A). Since a^ < and 



Ncut(A, V\A) = by the Lemmajs] we have s^-(j+l)a^ > 
and 



4(7 +1) 



- Ncut{A, V \ A) 



4(;+l) 4js 



4ij+l)(s'-a')-4js- 
s(s^ - a^) 

4(.2-(;+l)fl2) 



s{s'^ — a^) 



> 0. 



Let B be a subset of V, sg - vol(B), Sg — voKV \ B) and js = 
cut(B, V \ B). If jB > 7 + 1 then we have the following using 
Lemma [H 

Ncut{B, V\B) = cutiB, V\B)\ + ^ 



vol(B) voliV \ B) j 



^JBS 



s^ - {sb - Sb)^ 
^ 4{j+l)s 

s^- (sb - Sb)^ 
^ 4(7+1). ^ 4(; + l) 

~ s^ s 

> Ncut(A, V\A)> McutjiG). 

So we have McutfiG) > McutjiG) for any / > j. □ 

Lemma 10. Let G = iV,E) be a graph with voliG) > 9. If 
there exists a subset A C V such that cutiA, V \ A) — 1 and 
\voliA) - voliG)l2\ < 3, then 

McutiG) = McutiiG). 
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Proof. Let s - vol{G), sa - vol(A) and - vol{V \ A). Since 
|s/i - ll < 3 and s - sa + Sa, we have Is^ - < 6. Since 
Vl + 1 \sa - Sa\ < 6^ <9 < s,we have Mcut(G) = McutiiG) 
by the Lemma |9] □ 

Lemma 11. Let G - (V,E) be a graph and vol(G) > \\. If 
there exists a set A C V such that cut(A,V \A) — 2 and \vol(A) — 
vol(G)/2\ < 3, then 

Mcut{G) - min(Mcuti(G),Mcut2(G)). 

Proof Since \vol(A) - vol(G)/2\ < 3 and vol{A) + vol{V \ 
A) = vol(G), we have \vol(A) - vol(V \ A)\ < 6 and 
^/3 \vol(A) - vol(V \ A)| < 6 V3 < U . So we have Mcut(G) = 
min(McMf I (G), McutziG)) by the Lemma|9] □ 

Lemma 12. Let G = iV,E) be a graph with voliG) > IL Sup- 
pose tliere exists a subset A C V such that cut{A, V \A) — 2 and 
\vol{A) — vol(G)/2\ < 3. If there exists no subset B <Z V such that 



cut(B, V\B) ^ land \vol(B) - vol(G)/2\ < 
then 

Mcut(G) - McutiiG). 



V36 + {vol{G)f 
2V2 



Proof. Let s - vol{G), sa - vol{A) and Sa - vol{V \ A). Since 
\sa - sl2\ < 3, we have Is^ - < 6 and 

McutiiG) < Ncut(A, V \ A) 
Ss 



s^ - (sa - Sa)^ 
^s 



s^-36 



Let B c y with cut(B, V\B)^1,sb^ vol(B) and Sg = vol(V \ 
B). If B exists, then \sb — s/2\ > '^'^^^ , by the assumption. So 

we have \sb - sg| > ^^^^^ and 



Ncut{B, V \ B) 



As 



s2 - {sb - Sb)^ 



As 



Si 



^2-36 



> McutiiG). 



That is Mcut(G) - Mcuti(G) by the Lemma [TT| □ 

Next we derive formulae for minimum normalized cut 
Mcut(G) of some elementary graphs. 

3.2. McUtiG) OF BASIC CLASSES OF GRAPHS 

Theorem 1. Let G - (V,E) be a graph. 

1. IfG is a regular graph of degree d and G + K„, n > 3 and 
\V\ = n, then 

{- ifn is even, 

"An t • JJ 
ifn IS odd. 



2. For the cycle C,, (n > 3), 



Mcut(C„) 



- ifn is even, 

"a 

, 7",, ifn is odd. 



This can be written as Mcut(C„) - „ . 
3. For the complete graph K„, 



Mcut(Kn) = 



n- 1 



4. For tlie path graph P„ (n>2}, 

—, — i| ifn is odd. 



ifn is even, 

Mcut(Pn)^\ %U) 



This can be written as 



McUt(Pn) 



2n-2 



4Lfjr^i-2« + r 



5. For the cycle cross paths G — C,„nP„ , 



2(2«-I) 



Mcut(C,„DP„) - 



16Lfjrfl~4n+l 
nm 

(2«-i)Lf jr?i 



2n > m, 
2n < m. 



6. For the double tree DT„ with depth n, Mcut(DT„) 
2 



2/1+1 _ 3- 



Proof. I. For a regular graph of degree d, k'(G) - A(G) = 
6(G) = d. For A c V, Ncut(A,V \ A) > 

1 1 \ \v\ 



d\A\ d\V\A\j \A\\V\A\ 



k'(G) then we have Ncut(A, V\A) 



If cut(A, V \A) = 
I VI 



i^er 



A) is minimum, when \A\ = |y \ A| by the Lemma [7] If V is 

4 4 r 

even then Mcut(G) > — = - by Lemma |' 

If |y| is odd then, we can write |y| as |y| = ^ ^~^2 — ' 

where -1 < \A\ - \V \ A\ < 1. Then Ncut{A,V \ A) > 
^ I ^ \ = 41 y I 

'\d(\v\-i) d(\v\ + i)) (|y| + i)(|y|-i)" 

41 y I An 

Hence Mcut{G) > 



(|y| + i)(|y|-i) 

2. Ak ^ {xi \ i < k] {k ^ 1). We note vo/(C„) = 

2n, vol{Ak) = 2k, vol(V \ Ak) = 2n - 2k, vol(Ak) - vol(V \ 
Ak) -Ak-2n and 



Ncut(Ak,V\Ak) = 



An 



n^ — (2k — n)2 



If n is even then Ncut{A E,y\A|) = Ms the minimum of 
Ncut{Ak, V \ Ak). If n is odd then Ncut{A,M, y \ A»+i) = 
Ncut{A,j^,V\A,j^) - is the minimum of A^cMf (A/., V\ 
Ak). Since voI(a\) - vol(V \ A^i) = 0, vol(A.^) - vol(V \ 
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A^ti) = -2 and 



vol(V) 



, we have 



Mcut(C„) = Mcut2(C„) by Lemma|9] 

We note that for any nonempty subset A c V with 

cut(A, V\A) - 2, there exists a ^ such that Ncut(A, V\A) - 

Ncut{Ak, V \ Ak) and k'{C„) = 2. 

n n (n — 1) n 

For even n, n - [-J = f^i" ^'^'^ — ^ — - 

(« + 1) n 

and — — - [-]. Combining odd and even cases to- 

4n 

gether we can write Mcut{C„) as Mcut(Cn) - . 

^Lo J I 9 I 



3. For a complete graph K„, \V\ - n, k'(K„) - n - I and 
vol{Kn) - n{n- 1). For any subset A c V, we have vol{A) - 
|A|(n-l) and CMf(A,(y\ A)) = \A\{n-\A\). Th£nMcut{K„) = 

|A|(n-|A|)| ^ 1 \ « 



|A|(n-l) (n-|A|)(«-l)/ «-l 

4. Let Ak - {xi \ i < k} (k - 1). We note that 

vol(P„) = 2n-2, vol(Ak) = 2k-l, vol(V\Ak) = 2n-2;t-l, 
vol(Ak) - vol(V \ Ak) = 4/t - 2n and 



Ncut{Ak, V \ Ak) 



2(n - 1) 



(n- 1)2 -(2A;-«)2 



case, the graph cut horizontally through the cy- 
cles and we have cut{A2, V \ A2) - 2n. Hence 
NcutiA2,V \ A2) = 

4nm 



(2n-l)Lfjr^^l 



odd. 



(2« - l)(m2 - 1) 



and when m is even. 



When m is 
4n 



(2« — \)m 



Case (iii) Let = {(c,-,/7i)|l < / < fc} (1 < 
^ < m). We note that cut(Bk,V \ Bk) - k + 2 and 
vol(Bk) = 3A;. Since A^CMf(Ai, V \ Ai) - Ncut(Bk, V\Bk) = 

2(-1.2„)(«2.t,„(3-16„.4„2),2„,( 3-4„.4„2)) ^.^jj ygj-jfy A^CMf (A J , V \ A [ ) 

3fc(3i4-m(2-4«))(-3-4R+4/|2J \ \ ly 

< Ncut(Bk, V \ Bk) for any A; and m < 2n. 

Case (iv) Let Q = {(ci,P;)|l < j < k] {\ < k < n). We 
note that cut(Ck, V \ Bk) - 2k + \ and vo/(Ci;) - 4k- I. 
Since ArcMf(C,, V \ Q) = - ,_.a;^^:gl4,„, ' we can verify 
Ncut(A2, V \ A2) < NcutiCk, V \ Ck) for any k and 2n < m. 



Now compare the case (i) with case (ii). 
For the case of 2« > m + 1 , we have 



vol(C) 



2m(2«-l) 



2m(2w- 1 ) 



^ ^ = 2m ^^^^^^2F^ > 2m V2n - 2 > 4m > |voZ(Ai)- 
vo/(y \ Ai)| and Mcut2n(G) > Mcut,„(G). So Mcut(G) = 
Ncut(Ai,V\Ai). 



If n is even then Ncut(A 'i,V \ A») = ^ is the minimum 
oi Ncut(Ak,V \Ak). If n is odd then A^cMf (A «+i , V \ A»±i) 

= Ncut(An^, V \An^) - (^''"y^i^ - ^(^^ IS the minimum 
of NcuKaI V \ Akf. Since vol(A.i)- vol(V \ A|) = 0, 

vo/(A ti)-voZ(y\ A ) = -2 and ^ ' 



^/cutiAii^VYAk)~+T 
^ > we have Mcm/(C„) = Mcuti{Pn) by Lemma |^ 



5. The cycle cross path G - C„,uP„{n > 2, m > 3) is 
a graph which has n copies of cycles Cm, each cor- 
responding to the one vertex of P„. K'{CmaP„) = 
mm{K'(C„)\V(P„)\,K'(P„)\V(CJ\,6(C„) + 6(Pn)} 
6(CJ + 6{P„) = 3. 

Case (i) Let Ai = {(c,,/?^)|l < ; < L^J, 1 < / < m] 

and y \ Ai = {(ci,pj)\l^\ + I < j < n,l < i < m). 

n 

We note that voKAi) — l-i(vol{Cm) + 2m) - m, 

vol(V \ Ai) = l'^Mvol(Cm) + 2m) - m and 

cut(Ai,V \ Ai) = m. Then A?cMf(Ai,y \ AO = 
m(4mn - 2m) 2{2n — \) 

— When 

(L|J4m - m)(rfl4m - m) 16Lf jrfl - 4« + T 

2 

w is even, A^cMr(Ai,y \ A\) — -. When n is odd. 



2n- 1 



Ncut(Ai,V\Ai) 



2(2n - 1) 
(2n - 3)(2« + 1)' 



Case (ii) Let A2 = {(c/,/?^) | 1 < / < L^J, 1 < 7 < «) and 
m 

(y \ A2) = \(ci,p^ I L-J + 1 < / < m, 1 < j < «). We note 
that vo/(A2) = «voZ(q|j) + 2l|j(« - 1) = 2(2« - 1)l|j 
and vo/(y \ A2) = 2(2n - l)r^l. In this 



If 2n < m, then we have 



vo/(C) _ 2m(2«-l) ^ 4«(2n-l) _ 
VcH/(A2,V\A2) ~ V2«+I ^ V2«+I ~ 



2(2«- 1) = 2(2«- 1) ^/2^ 

> 2(2« - 1) > |v'o/(A2) 
Mcut2„(G). So McutiG) 



In 



,„^, >2(2«-l)V2^ 
vo/(y \ A2)| and Mcut„{G) > 
Ncut(A2, V \ A2). 



6. The size of a tree is |r„| = 1 -i-2-i 1-2" = 2"- 1 and the size 

of a double tree is \DT„\ = 2\T„\ - 2"^' - 2. The volume 
of a tree is vol{T„) — 2vol{Tn-\) + 4, which can be written 
as voUTn) + 4 ^ 2{vol(Tn-i) 4- 4) = 2^(vol(T„_2) + 4) = 
■ ■ ■ = 2"-Uvol(Ti) + 4) = 2"+i. Therefore the volume of a 
tree is vol(T„) = 2"^' - 4 and the volume of a double tree 
is vol{DT„) = 2vol(T„) -H 2 = 2"+^ - 6. 

Let A, = {x(w) I w € and y \ Ai = {y(w) \ w e 2^"}. 
Then we have voZ(Ai) = vol(T„) + l = 2"+i-3, voZ(y\Ai) = 
2«+i -3, cMf(Ai,y \Ai) = 1. 

Therefore Ncut{A 1 , y \ A 1 ) 



(vo/(r„)+i) 



2"+' -3 



vol{DT„)- 



Here k'(DT,A- 1 and 2voZ(Ai) = vol(DT„). Then from the 

2 

Mciit{DT„) 



Proposition 



1n+I 



3.3. McMf OF ROACH TYPE GRAPHS 7?„ ^ 

Next, we consider the graph R„ k and derive a formula for 
Mcut{R„ k) based on n, k. 
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Theorem 2. ForR„j^{n > l,k> 1), Mcut{R„x) is given by 
\ (n = l,/t = 2). 



where 



-2+3k+2n 



4(-2+3k+2n) 
(-5+3*+2n)(l+3*:+2«) 



4(-2+3k+2n) 
(,-4+3k+2n)(3k+2n) 



4i-2+3k+2n) 
(-3+3*:+2«)(-l+3*+2n) 



6k+4n-4 



(2n-l)(6k+2n-3) 



(*1 A (A: > 4)A 

in < Ki)), 

(*4 A (A: > 4)A 
in < K^)), 

(*3 ^ik> 4)A 
in < K^)), 

(*2 ^ik> 4)A 
in < K2)),vin = l,k = 3) 
v(n = 2,k = 3), 

iik > 4) 
A((*i A iKi < n))V 
(*4 A iK4 < n))V 
(*3 A (Kj < «))V 
(*2 A (/Tz < n))))V 
(A = 2 A (n > 2))V 
(A; = 3 A (n > 3)), 



*i 

*2 
*3 
*4 

Ki 

K2 

K3 
K4 



= 1 - 



((3 I n) A (2 I k)), 
(3 -t" n) anJ (2 \ k), 

(3 f n) and (2 | A), 

((3 |«)A(2f A)), 
1 3A; 3A; 



3A 
2" 
3A 



3A; 
- 2 ^ 

VT 



+ 



12A:+ 18A:2 



+ 



, 3A: 

1 + 

2 



V-1 -6A + 9A2 
V-7 - 12A: + 18A:2 



Proof. Let ViRn,k) = {x; | 1 < / < n + A) U {>•,■ | 1 < ; < n + A). 
Volume of Rn,k is voliR„^t) = 2(2n - 1 + 3A - 1) = 6A + 4n - 4. 
We consider the following cases in order to find the McutiR„^k)- 
Case(i) Let Ai c ViRn,k), where Ai = {xi \ I < i < n + k] 
and V \Ai = {y,- | 1 < ' < n + A). Then the volume voZ(Ai) is 
voliR„ k) 

' = 2n + 3A - 2 and cutiAi, V \ Ai) = A. So we have 



NcutiAi,V\Ai) = A 



1 



+ 



2n + 3A - 2 3A; 
2k 



+ 2n-2) 



3k + 2n-2 



Let this value as ci . 

Case(ii) Let A2 £ y(7;„_t) such that A2 - {x,- | 1 < / < n) and 
V \ A2 = {Xi \ n + I < i < n + k] \J {}•/ \ I < i < n + A). Then 
the volume vo/(A2) = 2n- 1, vol(V\A2) = vo/C/s'n^j:) - vo/(A2) = 



2n + 6A: - 3 and cutiA2, (V \ A2)) = 1. So we have 

(6A + 4n - 4) 



NcutiA2, V \ A2) 



(2n- l)(6A + 2n-3)' 



Let this value as C2- 

Case(iii) Suppose there exists IA3I < n such that cutiAi,iV \ 
A3)) = 1. Let vo/(A3) = 2n - 1 - 2x, where x = IA2I - 
IA3I and IA2I = n. Then voliV \ A3) = 6A + 2rt - 3 + 

2x. NcutiAi, y \ A3) = \ — — + ^ 



6A + 4n - 4 



2n - 1 - 2x 6A: + 2n - 3 + 2x 

Since 4x(l - (3A; + 



(2n - l)(6k + 2n - 3) + 4x(l - (3A + x)) 

x)) < 0, NcuHAi, y \ A3) > Ncut(A2, V \ A2)iCase(ii) < 

Caseiiii)). Since C2 is smaller than Caseiiii), we can ignore this 
case. 

Case(iv) Let A4(a') = {x,- | 1 <i<n + a]yj{yi\\<i<n + a], 
where 1 < a < A and V \ A^ia) = {x,- | n + a + 1 < i < 
n + k}U{yj\n + a+ l < i < n + k). Then vo/(A4(Qr)) = 
2(2n - 1 + 3a) = 4n + eff - 2, voliV \ A4ia)) = 6A - 2 - 6a and 
CMf(A4(a), y \ A4(a)) - 2. Then we have, 



ArcM?(A4(a),y\A4(a)) 



(3A + 2n-2) 



(2n - 1 + 3a)(3A;-3a- 1) 



Let this value as C4(a). 

Minimum of C4(a) can be obtained by differentiating with re- 
spect to a. 

dci,id) f / X , 3A;-2n 

gives mmimum value of C4(a) at ao - — - — . 



da 



3k-2n 



But ao is not an integer for all n, A. If — g 
6 + 2« 



< 1 that is 1 < A < 



then the minimum value is C4(l). Then we have 



C4(l) 



2 - 3A - 2n 
8 - 6A + 8n - 6An ' 



3A — 2n 

If 1 < — - — < k that is A > then the minimimi value 
6 ^ 
3A-2n, , 3A-2n „ 

IS C4( — - — ) whenever — - — e Z. 



3A;-2n, 
C4i — 7 — ) = 



-2 + 3A; + 2n 



If A > and 2 -f A and 3 | n then the minimum value is 

3A - 2n 1 3A - 2n 1 

''^—^ ^ 2^ = ''^—T- - 2^- 

3A-2« 1 4(-2 + 3A + 2n) 

6 '^r~ i-5+3k + 2n)il+3k + 2ny 

If A > and 3 -f n and 2 | k then the minimum value is 
3A - 2« 1 3A - 2« 1 

C4i — 7 — + = — 7 o)- 

O 3 O 3 

3k -2n 1 4(-2 + 3A + 2«) 

'^'^^ 6 3'* ~ (-4 + 3k + 2«)(3A + 2n) ' 

If A > and 3 \ n and 2 \ k then the minimum value is 
3A-2n 1 3A-2n 1 

3k-2n 1 4(-2 + 3A + 2n) 

'^'^^ 6 6 (-3 + 3A + 2n)(-l +3A + 2n)' 
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Case(v) Let A5 = {x/ | 1 < / < « + 1) and V \ As - [xi \ n + 2 < 
i < n + k] U {yi \ 1 < i < n + k}. Then voliAs) = 2n + 2 and 
vol{V \ As) = 2n + 6k-6. Then we have Ncut(As, y \ A5) = 
1 1 \ 2n + 3k-2 



\2n + 2 2n + 6k-6j (n + l)(n + 3/t - 3) 
Now we can compare all cases considered above. 
\fk-2 and n - \ then it is easy show that ci is the minimum. If 
k - 2 and n >2 then it is easy to show that C2 is the minimum. 
If ^ = 3 and n - \ then C4(^^^^ - g) is the minimum. If A: = 3 
and n = 2 then C4( ^^g^" + g) is the minimum. If A; = 3 and n > 3 
then we can easily show that C2 is the minimum. If A; > 4 and 
n - \ then q is the minimum. Next we assume that A > 4 and 
n > 2. It is easy to check that C2 is smaller than c\, C3 and C5. So 
we compare C2 with C4 for A > 4. Then we have the following 
results. If (*i and (« < /Ti)) then C4( "^^^'" ) is smaller than C2. 
If (*2 and (n < K2)) then C4(2^ - i) is smaller than C2. If 
(*3 and {n < K^)) then C4(^^j^ - is smaller than C2. If (*4 
and (n < ^^4)) then C4( ^" + is smaller than C2. We can 
summarize the results as follows. 



c\ 

C4(^) 
C4(^ + 1/2) 
C4(^ - 1/3) 
C4(^ - 1/6) 



C2 



n= 1,A = 2, 
(*i A (A > 4) A (n < Ki)), 
(*4 A (A > 4) A (n < K4)), 
(*3 A (A > 4) A (« < /Tb)), 
(*2 A (A > 4) A (n < K2))\/ 
(„= 1,A = 3)V(« = 2,A = 3), 
((A > 4) A ((*! A (Ki < n))V 
(*2 A (K2 < «)))) 
V(*3 A (Kj, < n)) V (*4 A {K4 < «)) 
V(A = 2 A (n > 2)) V (A = 3 A (« > 3)). 



Finally, we want to show that for any arbitrary subset A, 
cut{A, V \ A) - 1 or cut{A, V \ A) - 2 gives the mini- 
mum normalized cut. We notice that every subset A with 
cut(A, V \ A) - 1 is A2 or A3 and every subset A with 
cut(A,V \ A) - 2 are Ai,A5,A4. We consider all cases with 
cut(A, V \ A) = 1 and the minimum occurs at A2. There may 
be several partitions with cut(A, V \ A) > 2. Let A > 4. 
Then we note that vol(R„^k) ^ 24 and there exists a subset A4 

in Case(iv), which minimize the ( 1 

\vol(A) vol(R„^k) - vol(A) 

vol(R„^k) . 



with cut(A, y \ A) = 2. 



From Lemma 
1 
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We note that \vol(A4) - 
1 



< 



1 



1 



vol(R„,t)/2 vol(R„,k)/2 

for vol{R„^k) ^ 11- Then 



\vo/(/?„,,)/2 + 3 vol(R„^,) /2-3) 
we can show that there is no subset A with cut{A, V\A) > 3 and 
Mcut(A, y \ A) < Mcut(A4, V \ A4). This conclude that mini- 
mum Ncut always have cut value 2 for all cases which has cut 
size more than 1 . □ 

Figure |4] shows the above regions for n, A. For a given Rn^^, 
we can find McutiR„^k)- 



3.4. Mcut OF WEIGHTED PATHS P, 



In this section, we consider a weighted path graph P„ t. and find 
a formula for Mcut(P„^k) based on n, A. We consider subsets of 



c4l "~-" ±l/ 



c4l "--" ±i;6l c4(itzi) 



Figure 4: Mcut(R„^k)- 



V{P,a) defined by A(a) = {jc; | 1 < / < a) for 1 < o- < « -H A - 1. 
We note that every subset A c V(Pn,k) with cm/(A, V \A) - 1 is 
A = A{a) for some a. 

Lemma 13. Let G — P„ k- There exists a subset A c y(f „_i) 
such that cut(A, y \ A) = 1 and Mcut(G) - Ncut(A, V \ A). 

Proof. Since vol(Pn,k) = 2n H- 3A - 2, if A > - 2n) then 
vol(P„^k) > 9. By the LemmafTO] we have Mcut(G) - Mcutx{G). 

If A < |(11 - 2n), we have only five cases (n,A) - (1, 1), 
(2,1), (3,1), (1,2) and (2,2). For each cases Mcut{Pi^{} = 
Ncut(A(l),V \ A(l)), Mcut(P2,i) = A^cMf(A(2), y \ A(2)), 
Mcut(Pxi) = A^CMf(A(2), y \A(2)'), Mcut(Pi^2) = Ncut(A(2),V\ 
A(2)), and McMf(f 2,2) = Ncut(A(2), V \ A(2)). □ 



Let P„ k (A > J (11 - 2n)) be a weighted path graph. We first 
note that 



2n H- 3A - 2, 
|2q' - 1 (a < n) 

1 3q' — « — 1 (n + I < a) 
c{a), 

where a function c(t) (1 <f<n + A)is defined by 



vol(P„^k) 
vol(A(a)) 
Ncut{A{a), V \ Aia)) 



and 



c{t) 



2«+3i-2 (\<t<n+\) 



(2f-l)(2n+3i:-2/-l) 
2«+3jt-2 



{n + \ < t < n + k - I). 



> We note that c{a - x) - c{a + x) for an integer a ( 1 < a < n. 



n + 1 <a<n + k-l) and a real number x (0 < x < j). 

We also note vo/(A,) < vo/(A,+i) (1 < / < n -h A - 2), 
vol(A(n)) = 2n-l, vol(A(n+l)) = 2nH-2 and vo/(A(« + A- 1)) = 
2n -I- 3A - 4. Since 

Ncut(A(a), V \ A(a)) 



{voKP„,,)f 



■ {vol{A{a)) - vol(V \ A(Q')))2 
4vo/(P,a) 



(vo/(P„,*))2 - 4(vo/(A(«)) - ^vo/(P„,t))2 ' 



if Mcut(P„,k) - Ncut(A(ao), V \ A(q'o)) then 
\vo!(A(ao)) - ^vol(P„,k)\ 
= min{| vo/(A(a)) - ^vol(P„,k)\ | 1 < o- < n + A - 1) 
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We consider four cases: Case (i) ^vol{P„k) ^ vol(A(n)), Case 

(ii) vol(A(n)) < \vol{P„^k) < j(vol(A(n)) + vol{A(n + 1))), Case 

(iii) Uvol(A{n)) + vo/(A(n + 1))) < ^voZ(f„,i) < voZ(A(n + 1)), 



and Case (iv) vol(A(n 



1)) < ivoZ(P„,t) < vol(A(n)). 



Case (i) Assume ^vol(P„^k) < vol(A(n)). That is A: < |n. We find 
a minimizing \vol(A(a)) - ^vol(P„^ii)\ = |2a - 1 - (n + - 1)|. 
For such a we have 



(2Qf - 1) - 1 < n + -A; - 1 < (2a - 1) + 1. 



That is 



1 2« + 3fe 1 
a < < a H — 

2 4 2 

which means a is the nearest integer of ^^^j^ . 

We consider three cases (K e Z), (K i Z and 2 | k), and 
(2ik), where 

If e Z then a = K.lfli k then Qf = /:+iorQf = /:-i. 
If ^ Z and 2 I ;t then a ^ K + \ or a = K - \. 

Since - x) = c(q' + x) for an integer a (1 < a < n) and a 
real number ;ic (0 < ;c < 4), Mcut(P„ k) will be 



-2 + 3/fe + 2n' 

4(-2 + 3A: + 2n) 

(-4 + 3fc + 2n)(3;t + 2n) ' 

4(-2 + 3k + 2n) 
(-3 + 3/t + 2«)(-l +3A; + 2n)' 



following the conditions of « and k. 

Case (ii) Assume vol{A{n)) < \vol{P„^k) ^ 5(voZ(A(n)) + 
vo/(A(n + 1))). That is |n < ^ < |« + 1. In this case 



Mcut{Pn,k) - c(n) 



3k + 2n-2 
(3k- l)(2n- 1)' 



Case (iii) Assume ^(vol(A(n)) + vol(A(n + 1))) < ivoZ(f„_i) < 
vol(A(n + 1)). That is |n + 1 < A: < |n + 2. In this case 



Mcut{Pn,k) - c(n+\)- 



2-3k-2n 
8 - 6A: + 8« - 6kn ' 



Case (iv) Assume vol(A(n + 1)) < ^vol{P„^k) < vol(A(n)). That 

We find a minimizing \vol(A{a)) 
= \3a — n-\-(n+lk- 1)|. For such a we have 



kvol(P„,k)\ 



3 -f « and 2 -f A; then a - K' + ^ or a - K' - ^. Since c(K' - x) 
- c(K' + x)(x ■ 



J, J, g), we have Mcut(P„k) as one of 



c(K') 



c(K' . -) 
c(K' . i) 
c(K' + ^) 



-2 + 3A: + 2n 

4(-2 + 3k + 2n) 

(-5 + 3/t + 2«)(l +3k + 2ny 

4(-2 + 3/fc + 2n) 

, or 

(-4 + 3/t + 2n)(3A: + 2ri) 

4(-2 + 3A: + 2n) 

(-3 + 3;t + 2n)(-l + 3;t + 2n) 



following the conditions of n and k. 

We note c{K) = c(/:'), c(/: + 5) = c(/:' + i) and c{K + \) = 
c{K' + g) before summarizing them as a proposition. 

Theorem 3. For Pn,k,in,k > 1, A: > ^(11 - 2n)), Mcut(Pn,k) is 
given by 



(((3 I n) A (2 I A:) A (R^ < k))V 
(01 A(k< Ri)) 



-2+3/t+2« 

4(-2+3k+2n) 
(-5+3k+2n)(l+3k+2n) 

4(-2+3it+2«) 
{-4+3k+2n)(ik+2n) 

4(-2+3it+2«) 
(-3+3/t+2«)(-l+3ifc+2n) 

3A-+2>i-2 
(3H)(2«-1) 

2-3<1:-2k 
S-6k+&n-6kn 



where 



0\ 

02 
R\ 
R2 
R3 



((3 I n) A (2 -r ;t) A (R^ < k)), 

((3 f n) A (2 I ;t) A (R3 < k))W 
(02 M2\k)Mk< R,)), 

((3 f n) A (2 I ;t) A (R^ < k))V 

((2>{k)Mk<Ry)) 

iRi<k< R2) 
(R2<k< R,), 



e Z), 

3A: + 2n 

2n 

T' 
2n 



3 

2n 



+ 1, 



+ 2. 



3 3 3 

(30- - n - 1) - - < n + -A; - 1 < (3q' - n - 1) + -. 



That is 



1 4n + 3A: 1 

a < < a ^ — 

2 6 2 

4«+3jt 



which means a is the nearest integer of ■ g . 

We consider four cases {K' G Z), {3 \ n and 2 | A:), (3 | n and 
2 f A:), and (3 ^- n and 2 f ;t), where K' = 

If e Z then a = If 3 f n and 2 | A: then a ^ K' + \ or 
a = i*:' - i. If 3 I n and 2 f A: then a ^ K' + \ ox a ^ K' - 



Figure |5]shows minimum Mcut(P„ ii) for each n, k. 
Corollary 1. For P2k,k, 



Mcut(P2k,k) 



-2+7* 

4(-2+7it) 
(-4+7yt)(7i) 

4(-2+7it) 
(-3+7k)(-l+7k) 



(4 I k), 
(4 U) A (2 I k), 
(2ik). 



Proof. By substituting n - 2k to the formula given for 
McutiPnjc), we can directly obtain the result. According to the 
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Figure 5: Mcut(P„^k). 



Theorem 



2n 



for n — 2k, k > R-i that is ^ > — + 2 impHes that 

k < -6. Smce ^ > 1, this does not holds. For /?i < k < R2 that is 
2n 2n 

— < k < hi implies that -3 < ^ < 0. Since ^ > 1, this does 

3 3^ 

2n 2n 
not holds. For R2 < k < that is — + l<fc<— +2 implies 

that -6 < k < -3. Since k > 1, this does not holds. Therefore 

4k 

the only case, which holds for n = 2fc is, A: < /?i that is k < 

This implies that ^ > 0. Substituting n = 2^ in the Theorem 
we have. 



Mcut(P2k,k) = 



-2+lk 
4(-2+7it) 

(-4+7k)(7k) 
4(-2+7it) 
(-3+7k)(-l+7k) 



(4 I k), 
(4U)A(2|^), 
i2\k). 



3.5. M cut OF GRAPH LP „ „ 

Here, we consider lollipop graph LP„ ,n and derive a formula for 
Mcut(LP„ i„). A lollipop graph LP„ „, defined in Definition 33 
is constructed by joining an end vertex of a path graph P,„ to a 
vertex of a complete graph K„. 

We consider three kinds of subsets of V(LP„ ,„) defined by 
Alia) = {xi I 1 < / < a) for 1 < ff < m, A2OS) = {xi \ 1 < i < m} 
U{yi I 1 < / < /?) for 1 < y6 < «, and, B(a,/3) = {x,- | 1 < ; < a) 
U{Xm) U{yi I 1 < / < y6) for 1 < a < m - 1, 1 <y8 < n. 

Lemma 14. Let A be a subset ofV(LP„^„,). 

L Ifji € A and yi+\ ^ A for some i (2 < i < n — I) then 
Ncut(A', y \ A') = Ncut(A, V \ A), where A' = (A \ {y,)) U 

2. If Xi e A, x,+i,...,xy A, aw J xy+i e A for some i, j 
(I <i< j <m-l) then Ncut(A', V\A')< Ncut(A, V \ A), 
where A' - (A\ {xj+i}) U {x,+i). 

3. There exists a subset A\(a), A2O6) or B(a,/3) such that 
Mcut{LP„_m) - Ncut{Ai{a),y \ Alia)), Mcut(LP„,„) = 
Ncut(A2(J3), V\A2(J3)), or Mcut{LPn,,n) = Ncut{B{a,P), V\ 
B{a,l3)). 



Proof. 1. It is easy to check vol{A) - voZ(A') and cut(A, V \ 
A) = cut{A',V\A'). 

2. It is easy to check vol(A) - vol(A') and cut(A', V \ A') < 
cut(A, V \ A). 

3. Let A be a subset of V{LP„,n) such that Mcut(LP„,„) = 
NcutiA, V \ A). Using the above results L and 2., we have 
a subset A' which is one of Ai(a), A2{a) or B(a,p) such 
that Ncut(A', V\A') - Mcut(LP„^„,). 



Let G - LPn,m {n > 3, m > 1) a lollipop graph. We first note 
that 



vol(LP„j„) 
vol(Ai{a)) 
cut(Ai(a),V\A,(a)) 
vol(A2{p)) 
cut(A2(J3),V\A2m 
vol{B{a,l3)) 
cut(B(a,fS, V \ B(a,p))) 
Ncut(Ai(a),V\A,(a)) 



2m + n{n - 1), 

2a- 1, 

1, 

2m + Pin - 1), 

2a + 2+ Pin - 1), 
Pin -P) + 2, and 
c{a), 



where a function c(f) (1 < f < m) is defined by 

2m - n + n^ 

c(t) = 



(1 + 2m -n + n^- 2t) (-1 + 2f) ' 
It is also showed that 



,and 



Ncut(A2(P), V \ A2C8)) 

P {2m -n + n^^ 
(-1 + n){-p + 2m + npy 
Ncut(B(a,p), V \ B{a,p)) 

{2m - n + n^^{2 + np - p^^ 
(2 + 2a-p + np) (2m - n + n^ -2a + p - np - 2) ' 



Lemma 15. Let G - LPn,m (« > 3, w > 2). 

L c{a - 1)) < c{a) ijfm > ^(n^ - n + A) 
(2 < a < m). 

2. c(m) < \vol{LP„jn) iffm < \(n^ - « + 4). 

3. c(m) < Ncut(A2{P), V \ AjijS)) (1 < /3 < n). 

4. Ifm < \{n^ -n + 2) then 

dm) < Ncut{B(a,f3), V \ B{a,/3)), 
(I < a < m-2, I < /3 < n). 

Proof. Each items are given by straightforward computations. 

□ 

Since cut(Ai(a),V \ Ai(a)) = 1, if vol(Ai{m)) > 
jVol(LP„„,) then there exists some a such that Mcut(LP„^m) = 
Ncut(Ai(a), V \ Ai(a)). To find the a, we solve 

voKAiia)) - 1 < ^voliLPn^J < vol(Aiia)) + 1. 
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That is 



1 -n + 2m + 2 1 
a < < a H — 

2 4 2 

n~-n+2m+2 



We consider 



n~-n+2m+2 



IfKeZ 



which means a is the nearest integer of 
two cases (K e Z) and (K i Z), where K 
then a = K. If K iZ then + ^ is an integer and c = + ^ or 
or = - i. Since c(^: + i) = c(/: - i), Mcut(LP„^„) will be 
4 



rp- - n + 2m 



, or 



A{rp- -n + 2m) 



(n(n - 1) + 2(m - l))(n(n - 1) + 2(m + 1)) 



By Lemma 15 if m < Un^ - n + 4) then Mcut{LPn,m) - 



NcutiAi(m), V \ Ai(m)). That is 
Ncut{Ai(m),V\Ai{m)) = 



rP' — n + 2m 
{2m - l)(n2 - n + !)■ 



If m = 1 then it is easy to verify Mcut(LP„^i) = Ncut{A2{l), V \ 

Theorem 4. For f/ze graph Lf > 3 anc/ m > 1), 
Mcut{LP„ m) is given by. 



n^—n+2m 
(2m-l)(n2-n+l) 
4 

4(n^-«+2m) 



(«(«-! )+2(m- 1 ))(«(«- l)+2(m+ 1 )) 



(n+l)(«-l) 



(2 < m < ^^^X 
(oi A m > 
(02 A m > 2^), 
(m = 1), 



- n + 2m + 2 „ 
oi = ( eZ), 

- n + 2m + 2 

01 = ( t Z). 



4. Eigenvalues and eigenvectors of paths and 

CYCLES 

In this section, we derive formulae for the eigenvalues and 
eigenvectors of cycles and paths using circulant matrices and 
give an alternate proof for the eigenvalues of adjacency matrix 
of cycles and paths using Chebyshev polynomials. 

4. 1 . Circulant matrices and eigenvalues of cycles and paths 

Let w„ = e"^' = cos — + isin — be a primitive n-th root of 
unity. 

Definition 36. A circulant matrix C - (cij) is a matrix having a 

formc,7 - C(j-i) modn- 



Proposition 10. Let C — {cjj) be a circulant matrix and cij = 
C(j-i) mod «■ For k — 0, ... ,n — I, we have 



where Aj, ^ ^ Cjiu^)', Uk = (wfa) and uu = (w*)' = cos ^ + 



n-l 



ism 

Proof. 



2k7Ti 



n-l 

(Cllk)i = ^CijUkj 

j=0 
n-l 



c = 



( Cq Ci C2 ■■■ 

Cn-1 Co Cl C2 

■ c„_i Co Cl 



C2 



Cn-1 



Cn-l 
Cn-1 



Cl 
Co 



= ^ C(j-i) mod n(w„)-' 
i=0 

n-l 

- ('^iy ^ C(j-i) mod nic^nY ' 

j=0 
n-l 

= {aj';,yY,cMy 

- AkUki 

= {AkUkji. 



Proposition 11. 1. The eigenvalues of the adjacency matrix 

2kn 

ofCn is given by Ak — 2 cos( ), 

n 

2. The eigenvalues of the difference Laplacian matrix ofC„ is 

given by Ak —2 — 2 cos( ), 

n 

3. The eigenvalues of the normalized Laplacian matrix of C„ 

2kn 

is given by Ak - I - cos( ), and 

n 

4. The eigenvalues of the signless Laplacian matrix of C,, is 

2kn 

given by Ak — 2 + 2 cos( X 

n 

where k — {0, . . . ,n — V). 

Proof. 1. Let A be an adjacency matrix of a cycle graph with 
n vertices. That is A = (c^) = C(j_,) mod « and cq = 0, 
ci - c„-\ - 1 and c,- = for / = 2, . . . , n - 2. 

Ak = (w*)' + (d^jr' 

- 2cos( ). 

n 



2. Let L{C„) be the Laplacian matrix of a cycle graph with n 
vertices. That is L{C„) - (cij) - c^j^i) mod « and co = 2, 
Cl - c„_i = -1 and c, = for / = 2, ...,«- 2. 

Ak = 2 - (wf,)' - (wjr' 
= 2-((uiy + (ajir') 

- 2-2cos( ). 

n 
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3. Let -C(Cn) be the normalized Laplacian matrix of a cycle 

graph with n vertices. That is X(C„) = (c,j) = C(j_,) mod « 
1 

'2 



and Co = 1, ci = c„_i = -i and c, = for / = 2, ...,«- 2. 



= 1 - 1(4)1 - i(^^ri 

= 1 - i((a>*y + 

2yt;r 

= 1 - cos( ). 

n 



4. Let SL(C„) be the signless Laplacian matrix of a cycle 
graph with n vertices. That is SL{Cn) = {Cij) = C(j_,) mod « 
and Co = 2, ci = c„_i = 1 and c, = for i = 2, . . . , n - 2. 

= 2 + ((^^^)' + (4)-i) 

= 2 + 2cos( ). □ 

n 



4. The eigenvalues of signless Laplacian matrix of P„ are 

given by AkiSLiP„)) = 2 + 2cos(^^^'^), (k = 

n 

0, ...,n - 1) and its eigenvector Uk is given by {u^i) 

sm( = 0,...,n- 1). 

In 

Proof 1 . Let u = («,), (j = 0, . . . , n - 1) be an eigenvector for 
an eigenvalue X of path Then, we can write 



( 1 
1 
1 



^ 



1 

; 



Q 1 

Then we have the following equations: 



Mo 
Ml 
M2 



V M„_l J 



= Au. 



Proposition 12. Let A^iQ < k < n - 1) be the k"' eigenvalue of 
an adjacency matrix of C„. Then — /In-t, for k — 1, . . . , n - 1. 

Proof. Eigenvalues of an adjacency matrix of cycle is given by 

2k7T 

Ak = 2cos( ), where k = 0, . . . ,n - 1. 

n 



= 2, 



h = 



An- 



2cos( — ), 
n 

2cos(— ), 
n 



2cos( — ), 
n 

2cos(— ). 
n 



This shows that Ak = A„-k for A: = 1, ... ,n - 1. □ 

Proposition 13. L The eigenvalues of an adjacency ma- 
trix of a path graph P„ are given by Ai^(A(P„)) — 

2 cos(- ^—), (A; = 0, . . . , n - 1) and an eigenvector Uk 

n + 1 

. . . {i+m+\)n 
IS given by (uki) - sm — ; ,{i = 0, . . . ,n—\) ana 



(k^O, 



,n-l). 



n+l 



2. The eigenvalues of difference Laplacian matrix of P„ are 

given by AkiL(P„)) -2 - 2cos( — ), (k - 0, . . . ,n - 1) and 

• • w ^ ((2i+Dkn\ 
Its eigenvector Uk is given by {UkO = cos 1 {i 



0,...,n- 1). 



2n 



3. The eigenvalues of normalized Laplacian matrix of a path 

kn 

P„ are given by AiiX-iPn)) = 1 - cos( (A = 0, . . . , n - 



1) and its eigenvector Uk is given by 



n-r 



Uki 



V2cos(|^) i=\,...,n-2, 
cos(^^) i = Qandi = n-l. 



Ml = Amo, 

Uq + U2 = Au\, 
U\+Ut, = AU2, 



(1) 



Un-2 



Au„- 



Let u' = (m^, (/ = 0, . . . , 2n + 1) be an eigenvector of C2„+2, 

0, ...,2n+ l)and 



2{i+\){k+\)n \ 
where (m, ) = sin | , (; 



2« + 2 

(A: = 0, . . . , 2n + 1). The eigenvalues of an adjacency matrix 



of a cycle €2,7+2 are A^ -2 cos | ^ ^ | , (A = 



1). We note that u'„ 
equation C2„+2u' = Ak\y' as 



*2n+l 



2n + 

n + 1 

0. Hence we can write the 



f 
1 







1 



I 1 





1 



1 

; 



"•In 





Then we have the following equations: 

m'i = Aku'^, 
u'q + u'2 — Aicu'^ , 

U'„_2 = Xku'„-i- 



(2) 



Comparing Equation [T] with Equation |2] we have P„u = 
A/tU, where u - («,')(/ = 0, ...,n - 1). That is Ait,(k = 
0, . . . , n - 1) are eigenvalues of P„ and u is an eigenvector 
of Alt. Since Aj + Aj for (/ j and < i,j < n - 1), we 
have n different eigenvalues of P„ and that is the complete 
set of eigenvalues of P„. 

Let u - (ui), (i = 0, ...,«- 1) be an eigenvector for an 
eigenvalue A of difference Laplacian matrix L{P„). Then 
we can write the equation L(P„)u - Au as 



f 1 


-1 





-1 


2 


-1 





-1 


2 


. 








^ 





-1 2 -1 
... _i 1 ) 



Mo 



M«-2 
V Mn-1 J 



3. Let u = (m,), (/ = 0, . . . ,n - 1) be an eigenvector for an 
eigenvalue A of normalized Laplacian matrix of path P„. 
Then we can write the equation i](P„)u = Au as 



1 

V2 



1 4 



1 



V2 



1_ 

V2 



1 



Ml 



Mn-2 



Then we have the following equations. 

M{) — III — Auq, 
— Mo + 2mi - M2 — Aui, 



By expanding this we have the following equations. 



— Un-2 + — Au„-\ 



(3) 



Let u' = (u'),{i - 0, . . . , 2n - 1) be an eigenvec- 
tor of difference Laplacian matrix of C2,,, where (mJ) = 
'(2i+l)kn\ 

, (/ = 0, . . . , 2« - 1) and (A: = 0, . . . , 2« - 1). 



2n 



The eigenvalues of L(C2„) are /I;; = 2 - 2cos( — ),(k 

n 



,2n - 1). We note that uL 



2«-2' 



Then we can write the equation L(C2n)u' = Aku' as 



i ^ 


-1 







... _1 ^ 


/ 


-1 


2 


-1 













-1 


2 


-1 












-1 


2 -1 




. -1 









-1 2 , 


V 



*2«-2 
^2;i-I 



Akw'. 



Mq —Ml 

V2 

1 1 

— Mo + Ml - -M2 

V2 2 



1 1 

•Z-M„-3 + M„_2 pM„_l 

2 V2 



1 



M„_2 + M„_l 



/Imo, 

Au\, 

AUn-2, 

Aujj- 1 . 



(5) 



Let u' - (mJ), (/ = 0, . . . ,2« - 3) be an eigenvector 
of normalized Laplacian matrix of C2„-2^ where (m') = 
cos(|^),(/ = 0,...,2n-3)andAi = 1 _cos(^),'(fc = 
,2n 



0,. 

Mo.. 



3) be its eigenvalue. We note that Mj = 
: m1 m' - = m'. Then we multi- 

ply each of these values by ^ and obtain the vector, 



V2"'l' V2"2' 



V2"«-2'"«-l' V2"" 



can write X(C2n-2)u' = /l/tu' as 



V2 2«~3- 



We 



(4) 



-<-2 + 2<,-i - < 



-««-2 + = 



Comparing Equation [3] and Equation |4] we have P„u = 
AkM, where u - {u'-),{i - 0, ...,« - 1). That is Ak,{k - 
0, . . . ,n - 1) are eigenvalues of P„ and u is an eigenvector 
of Ak- Since A/ + Aj for (/ j and < i,j < « - 1), we 
have n different eigenvalues of P„ and that is the complete 
set of eigenvalues of P„. 



= Aku'. 



1 - 



1 -I 



I V2 2n-3 ; 
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By expanding we have, 

, 11, 11, 
"° 2V2"' 2V2"' 



AlU'r, 



1 'a. 

■-«o + -^"1 



1 



1 1 

2 



1 , , 1 , 

( ^Uq + Ki - -Mj) 



1 

V2' V2 
1 

V2 



/!*( — w'l), 



(6) 



1 1 , 

-2V2'"- 
1 1 , 

-2V2'"- 



^ v!""-^"2""-' 
11, 



V2 



Comparing Equation [5] and Equation [6j we have P„u = 
AifU, where u = (u'q, V2m'j,..., y/lu'^^ ^^u'^ ^). That is 
/l/t, (A; = 0, . . . , n- 1) are eigenvalues of f „ and u is an eigen- 
vector of Aif. Since Aj + Aj for (/ j and < /, y < n - 1), 
we have n different eigenvalues of f „ and that is the com- 
plete set of eigenvalues of P„. 

4. Let u - (ui), (i = 0, . . . ,n - 1) be an eigenvector for an 
eigenvalue A of signless Laplacian matrix of path P„. Then 
we can write the equation SL{P„)u - Au as 



/ 1 


1 





1 


2 


1 





1 


2 



^ 





1 







1 

1 ; 



Mo 
Ml 



M«-2 
V M„_l J 



= Au 



iiQ + U\ — /Imq, 
mq + 2mi h- M2 = /Jmi, 

U„-2 + = Au„-\. 



(7) 



Let u' = = 0, . . . , 2n - 1) be an eigenvec 

tor of signless Laplacian matrix of Cin, where (m,') - 
{2i+\)kn 



sm ■ 



,0' 



0, . . . , 2« - 1 ) and Ak 



2 + 



In 

(k + l)7T 

2cos( ), (A; = 0, . . . ,2n - 1) be its eigenvalue. We 

2n 

note that Mn = — m1 ,,m' — —u'~ m' , = —u'. Then 

we can write the equation 5L(C2«)u' - A^vl' as 





1 









1 ^ 


/ 


1 


2 


1 















1 


2 


1 














1 


2 


1 




. 1 









1 


2 . 


V 



V m: 



/ 

2n-l 



2Mq + u[ 



AkuL 



Mq -I- 2mi + u'2 — Aku\, 



(8) 



\-2 + ^"'n-l 



11-2 



+ M„ 



Comparing Equation [7] and Equation |8] we have P„u = 
A/tU, where u - iu'.),(i = 0, ...,n - 1). That is Ai^k = 
0, . . . , n - 1) are eigenvalues of P„ and u is an eigenvector 
of Alt. Since /I, Aj for (/ j and < /, y < n - 1), we 
have n different eigenvalues of P„ and that is the complete 
set of signless eigenvalues of P„. 



4.2. Tridiagonal Matrices 

In this section, we derive eigenvalues of adjacency matrices of 
paths and cycles using Chebyshev polynomials. 

Definition 37. Let To(x) = 1 and Uo(x) = 0. For « e N, T„ix) 
and U„{x) are defined by 

X x^-l \l T„{x) 

1 X ]\ Unix) 

We call Tn{x) as the Chebyshev polynomials of the first kind, 
and Unix) as the Chebyshev polynomials of the second kind. 

Example 5. By using the above definition we have, 

x^ - 1 

X 

x^ - 1 

X 

x^ - 1 

X 

4x^ - 3x 
4x2 _ I 



Tn+lix) 
Un+lix) 



Tlix) 
Uiix) 

Tlix) 
Uiix) 

T3ix) 
Uiix) 



1 


X 

1 

2x2 _ ^ 
2x 



X 

1 

2x2- 1 
2x 



Proposition 14. Toix) = 1, Tiix) = x, t/o(x) = 0, t/i(x) = 1, 
Tn+lix) — 2xTnix) - r„_i(x), and 

f/„+l(x) = 2xUnix)-Un-\ix). 



Proposition 15. 



cos nO - r„(cos 6), 

sin nO - L'„(cos 0) sin 9. 



We note that the degree of the polynomial r„(x) is n and the 
degree of the polynomial Unix) is « - 1 for « > 2. 

Proposition 16. Lef x = cos anii n > 2. T/jen 

r„(x) = o x = cos(^^ ^) (A; = 0,...,n- 1). 

2n 

Unix)-Q o x = cos(— ) = 1, ...,«- 1). 
« 
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The determinant of tridiagonal matrices can be represented 
by using recurrence relations. We consider tridiagonal matrices 
with similar diagonal elements. Then we derive a formula for 
eigenvalues of tridiagonal matrices. 

Definition 38. A n x n tridiagonal matrix A„ = (oy) is a matrix 
which has the form 



Proposition 20. Let P„ - (V„,E„) be a path graph. If G = 
{V„,E„ U {(vi, vi)), {(v„, v„))) then the eigenvalues of Laplacian 

kn 

matrix of G are given by — a + 2 cos( ), (k — 1, . . . , n). 

n + 1 







Pi 


■■■ 


^ 




n 




Pi ■•■ 




A„ = 





72 









. 




■■ Q',,-1 

Tn-l 


Pn-l 

an , 



-D 



Proposition 17. Letn > 2, |Ao| = 1, and \Ai\ - a[. Then we 
have, 

\A„\ = a„\A„_i\ - P„-iy„-i\Ar,-i\- 

Proposition 18. Eigenvalues of adjacency matrix of a path 

kn 

graph are given by /l;t(A(P„)) — 2 cos( )(k — 1, . . . , n). 

n + 1 

Proof. The matrix AI - P„ is a tridiagonal matrix with o', - A, 



j3i = y, = -1. Let fn(A) = \AI - P„\. By Proposition [TTJ f„{A) 
is defined by f„{A) - Af„-i(A) - f„-2{A), where f){A) - 1 and 

fi(A) - A. Let g„(A) = f/„+i(^). Then 

gii^) = f/2(^) = 2(^) = A, 
8n(A) = f/„+l(^) 

= 2^U„(^) - U„-i(^) (by prop. 



Figure 6: Path graph with equal vertex degrees. 



Proof. Let L(P„) the Laplacian matrix of a path graph with ver- 
tex weight a on « vertices. The matrix AI-L{P„) is a tridiagonal 
matrix with ai - A - a, = y, - -1. Let f„(A) - \AI - L(P„)| 
and fn{A) is defined by f„{A) - Af„-i{A - a) - fn-iiA), where 

A — a 

foiA) = 1 and fi(A) ^ A - a. Let g„(A) = U„+i{——). Smce 





A — a 




ud 2 ) 




/I — fl 


^l(^) = 


u.( 2 ) 




/I - fl 







14 1 



Then we have fn(A) = g„(/l) = f/„+i(-). That is 

/,W = o f/„+i(^) = 0. 

o - = cos( — —)(k-l,. 



o /I = 2cos( 



« + r 

kn 



n + 1 



)(k^l. 



.,«). 



/l-fl /I — a /l-a 
= 2(— )f/„(— )-f/„_i(— ) 

/I — fl 

we have f„(A) = g„(/l) = t/„+i(^— ). That is 

/;,(/l) = o f/„^i(^) = 

« — — =cos( l,...,n) 

2 n + 1 

o /t = fl + 2cos( ) = 1, . . . ,»). 
n + 1 



Thus we obtain the result. 



4.3. Determinant of tridiagonal matrices 



Proposition 19. Eigenvalues of adjacency matrix of a cycle are 
given by 4(A(C„)) = 2 cos(^)(fe = 1, . . . , «). 

Proof. The matrix /I/ - C„ is not a tridiagonal matrix. But we 
have \AI-Cn\ = 2{T„{^) - 1). Since r„(x) = 1 o cosnfl = 1 o 
2A:w 

6 = . We obtain 

n 

2kn. 



Let n>2. We define a n x n matrix A„(fl, /?) as follows: 



\AI-C„\ = rf(/i-2cos( )). 



An(a,b) = 





b 
a 





b 




fl 



^ 





b 

a J 
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Lemma 16. Let n>2 and a + 2b. 

sin(« + 1)6* 



\A„ia,b)\=b" 



siaO 



2 

-(1 +cosj8). 



1 1 
2' V^- 



1 



2 • 3" • sinjS 



wftere — = cos 9 fO < < 2;r| 



Proof. By Proposition 17, we have |A„(a, 1)| = fl|A„_i(fl, 1)| - 
\A„^2(a, 1)|. Let \Ao{a, 1)| = 1 and \Ai{a, 1)| = a. Since Ui{x) - 
1, f/2(x) = 2x and f/„+i = 2xf/„(x) - U„-\ix), we have |A„(a, 1)| 

sin(n + 1)0 a 

— , where - = cos 6. Since 

sin0 2 



= Un 



(i) ^"d^n(^'l) = 



A„(a, fo) = fo" • A„ 1 j, we have 



|A„(a,fc)|=fc''. 



A„(«-,l)=.-f/„.(|)=Z,- 



a \ _ sin(n + 1)0- 



sino- 



where — = cos a. 
2b 



Example 6. (i) 

1 + cos a. 

2 1 



A„(.-li) =fir^^^^,whereA = 
\ 2/ \2j sina 



(ii) 



A„\ri 



3' 3 



l\"sin(n+l)/3 , 2^^ 

- — — , where 77 = -(1 + cosyS). 

3/ sin/J 3 



Let n > 3. We define a n x n matrix B„{ao,bo,a,b) and 
C„ia, b, ao, bo) as follows: 





' ao 


bo ■■■ 







bo 






B„(ao,bo,a,b) = 





An-\{a,b) 






. 








f 











A„.iia,b) 




C„ia,b,ao,bo) - 















bo 




[ 


■■■ bo 


ao 



We note that 



4 1 

2 

-(2 + cosy). 



3 J_ 
2'^ 



1 



2 • 3" • sin y 



Proof. 1. 



2. 



B„(/l- 1,^,^-1,^) 
V2 2 



(i-l) 



A„_iU-l,-) 



A„_2(a-1,-) 



ir' 1 



1 \" ' sin«cK 1 / I \" ^ sin(n - l)^ 
2 1 sin a 2\2/ sin a 

{{A - 1) sinnor - sin(n - l)a) 



smor 



ir' 1 



smor 



-(cos a sin na - sin(na - a)) 



ir' 1 



2 1 sin or 

n-l 

cos nor 



(cos na sin a) 



^ . 2 1 11 
^"^'^-3'3'''-2'^^ 



2 r 

3' 3, 



2 V 
3'3, 



ao|A„-i(a, Z?)! - bQ\A„-2(a, b)\, and 
ao|A„_i(a,fe)| - bl\A„-2ia,b)\. 



\B„{ao,bo,a,b)\ = 
|C„(a,fe,ao,feo)l = 

We define functions 



g„(J3) = 2 sin((n + l)yS) + sinnjS - sin((rt - l)yS), and 
h„iy) = 2sin((rt + 1)7) - sinny - sin((n - 1)7) 

before introducing the next Lemma. 
Lemma 17. Let n>3. 



L 



Bn{A-l,-^,A-\,]-) 
V2 2 

cos or. 



1 



= 7 COS na, where A = \ + 



1\/1\" ' sin«j6 1 /1\" Sin(n- 1)/? 



2/\3/ sinyS 6\3/ sinyS 

n-l 



1 2 



1 \ sinnyS 1 sin(n - 1)/? 



1 

3/ W 2j sinjS 2 sinyS 

n-l 



ir 7/1 2 \ sinnyS 1 sin(n - l)y8\ 

3-) [[6^r'''n^~2^^i 

ir' 1 

(sin nyS + 4 cosyS sin nyS - 3 sin(ny8 -/3)) 



6 sinyS 



iV'"' 1 



(sin nyS + 4 cosyS sin nyS - sin(ny8 - yS) 



3/ 6sinj6 
2 sin nyS cosyS + 2 cos nyS sin yS) 
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3. 



1 



,^ , ^- — (sinnB + 2 cos riB sin B - sm{nB - B) 
\3/ osinjS 

+ 2sinnyScos>8) 
1 



o 1 r ^ (sin nj8 + 2 sm(nj8 + j8) - sin(ny8 - yS)) 
3 / 6 sin jS 



ir' 1 



^ I ^ ^^(2 sin(n + l)B + sinnB - sm(n - l)B) 

3/ OSUlyS 



1\" 1 



3/ 2sinjS' 



following. 



Qn{ao,bo,a,b) 



flO 


bo 


••• 





bo 











An- 


-2ia,b) 











bo 





■■■ bo 


cto 



We note that 

\Q„iao,bo,a,b)\ = ao\C„-iia,b,ao,bo)\ - bl\C„.2ia,b,ao,bo)\. 



4 1 3 1 
''"^-3'3'^-2'^ 



4 1 
3' 3 



Proposition 21. Let n > A. The characteristic polynomial of 

£iPn) is 



n-2 



Wn - £{Pn)\ = -1^1 (sin a sin((n - \)a)). 



where A= \ + cos a. That is A= 1 - cos(^) (k = Q,. . .,n-l). 



3\/l\" ' sinny 1 /1\" ^ sin(n - 1)7 



2/\3 

n-l 



siny 6\3/ siny 
3\ sinny 1 sin(n - 1)7^ 



2/ siny 2 siny 



n-l 



1 2 \ sin ny 1 sin(« - l)y 

-- + -cosy — : 

6 3 / smy 2 siny 



n-l 



1 



6 siny 
1 

6 siny 
1 



(- sin ny + 4 cos y sin ny - 3 sin(ny - y)) 



(2 sin(n + l)y - sin ny — sin(n - l)y) 



2 siny 



hnij) 



I 1 V 

Proof. First, we note JXPn) = 2n U , f > 1 > ~ ^ I 

\ V2 2/ 

1-^4 - UPn)\ = Qn[^.-h-q^,A- 1, 



4.4. Eigenvalues of £,iP„) 

Example 7. The adjacency matrix and the normalized Lapla- 
cian matrix of a path graph P5. 



AiPs) = 



( 1 
10 10 
10 10 
10 1 

( 1 



JliPs) 



1 

— w 1 

_ 1 

2 






1 

_L 

V2 










_ 1 

2 



1 








J_ 

V2 

1 



(^-l)C„.,(i-l,i,i-l,i= 



= (^-1) 



1 



B„_2[A-l,—,A-l, 



= (/l-l)(^) cos((n-l)a)-^Q) cos((n-2)a) 



(cos a ■ cos((n - l)a) - cos((n - 2)Qr)) 



(cos a • cos((m - l)a) - (cos((n - l)a) • cos a+ 



sin((M - 1)0-) • sin a)) 



sin((n - l)a) ■ sin a. 



kTT I kn 

We have a = r (k = 0,...,n - I). Since cos 



cos 



n-l 
(k + in- l))7T 



Let n > 4. We define n x n matrix Q„(ao,bo,a,b) as the 



n-l 

1). The set is equal toA= 1 - cos 



, we have A = 1+cos 
kn 



kn 



n-l/ 
(yt = 0,...,n- 



n- 1 



n-l, 
ik = 0,...,n-l). □ 
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4.5. Eigenvalues of weighted paths and JXRnjd 

Example 8. The adjacency matrix and the normaUzed Lapla- 
cian matrix of a weighted path graph /'4 3. 



1 

1 1 

10 10 

A{PA,i) = 10 10 

1 1 1 

1 1 1 

I 1 1 j 



X(P4,3) = 



1 

' ^ 










J_ 

1 

_1 

2 










_1 

2 



_ 1 

2 










_1 

2 

1 

1 

" V6 

































1 

~f 








3 


1 

3 





1 


2 


1 


3 


3 


~f 





1 
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Letn > 3 andA; > 3. Then 







n,k 





.(i-m_.(i-l.-l,i-l,i)|.|C,(i-^.i.i-l,-l)| 

-^is„.(i-i,-i,i-i,i)i.iQ_.(A-?.i,.-i,i=)i 



1 cos((n - 2)a) 
"4 ' 



gk(j3) 



cos((n - l)a) 



2"-3 2 • 3* • sin/3 

g,(J3) lcos((n-l)a) ft_i08) 



2 • 3*-i • sinjS 



2 • 3* • sinfi 6 2"-^ 
2^-^j^-^(-cos((n - 2)a)gk(fi) + 2cosacos((n - l)a)g;fc{ie) 
-cos((n- l)a)gt-i(j8)) 

— — !— — (cos(na)g;fc{ie) - cos((n - l)a)gt_i(je)) 
2" • 3* • sinyS 

Pn,kW 



We note that 



- cos((n - 2)a) + 2 cosacos((n - l)a) 

-cosacos{{n - l)a) - sinasin((n- l)a) 

+2cosacos((n - l)a) 

cosacos((n - l)a) - sinarsin((n - l)^) 

cos(nQr). 



where X„_^ is the n x A: matrix defined by 



Lemma 18. Let k>3. 



( 



^n,k 







^ V6 



Theorems. Letn > 3andk > 3. The characteristic polynomial 



\^In+k - ■C{Pn,k)\ = Pn,kiX), 



where 

Pn,kiX) 



1 



2«3*sinjS 



^(gkifi) cos(na)) - gk-i(fi) cos((n - l)a)), 



A = I + cos a and A = -(1 + cosjS). 



1 1 cos(na) 

Proof. Since \B„{A - 1, — , i - 1, -)| = and 

2 1 11 g^fcOS) 

|C*(/l- :::,-f)I = ^ • ^ . we have 

3 3 2 V6 2-3*-sinj8 



\AL. 



■£iPn,k)\ 



S„(i-l,^,i-l,i) 









(4k - 2)n 2 

1. If — - — — <a<n, Q<p<n and 1 + cos or = -(1 + 

, (2k + \)n 
cosff) then < p. 

2(k + 1) 

2. // ^^f,^ <;S < ;r rftm ^,08) ^ and < -1. 



2{k + 1) 



(2n - 2)n 

3.1fn = 2k (k > 0), — <a<n, 0<p<nand 

2n - 1 

2 

1 + cos a = -(1 + coSjS) then 

gk(fi) cos(na) - gk-i(J3) cos((m - \)a) + 0. 

4A: - 1 5 11 

Proof. 1. Since A: > 3, we have , = 4 - , > — and 



1 4 

< 



k+\ 



k+l ~ 4 



4k -\ ~ 11(A+ 1) 

... 33 /2 , [3 I 4n /3 1 

Since — \ - > 3.36 > n, we have a/ - • - • — < \ - ■ - ■ 
8V3 V22 11\22 

4 33 /2 _3 

IT ' Y V 3 ~ 4' 

3x 7TX 1 3 

Since — < sin( — ) (0 < x < -), we have < 

2 2 3 4(k+ 1) 

7T 2 2 or 

— ; . Smce 1 + cos a = -(1 + cosfl), we have cos — = 

4(A;+1) 3 2 



sin 

2 



COS - and cos - 



3 a 
^ cos - . 
2 2 
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sin( ) = cos - 

^ 2 ' 2 



3 a 
- cos — 

2 2 

3 . .T^-a 



l3 n - a 
^ V2(— ^ 

< ) 

V2 2 4A:-1 



2 2 n{k + \) 

3 



A{k + 1) 
1 3 



2 2(A;+1) 

TT 



< Sin 



4(fc + 1) 



Then ^ < and — < B. 

2 4(fc+l) 2{k+\) ^ 

2. Let p' = TT - j6. Then < yS' < 



. We note that if k 

2{k + 1) 

is even then sin(^y6) = - sin(^jS') and if k is odd then sin(^jS) — 
sin(k/3 ). Since y - sinx is convex on < jc < -, sin(fxi + 

(1 - t)x2) > fsinxi + (1 - f)sinx2 for < xi < X2 < - and 
< r < 1. Since < (k - 2)/3' < k/5' < (k + 1)/?' < ^ and 
-(/t - 2) + (1 - -)(yt + 1) = /t, we have sin(;tyS') > - sin((;t - 
2);8')+^sin((^+l)y6')- 

gk-m + gk(J3) = 2 sin(^^) + sin((fe - m - sin((fe - 2)/3) 
+2 sin((/t +!)/?) + sm{k/3) - sm((k - 
= - sin((;t - 2)/3) + 3 sin(A:y6) + 2 sin((fc + l)/3) 

If A: is even then gi,(J3) = 2 sin((A; + + sm(kj3) - sin((/fc - l)y8) 
= 2 sin((A: + 1)^6') - sin(;t/3') - sin((/t - > 0. 



gk-x(P) + gm = -sin((A-2)/3) + 3sin(A/?) + 2sin((A+l)^) 
= sin((A: - 2)13) - 3 sin(;ty6) + 2 sin((fe + 1 )y6) 

= 3(^sin((fc-2)/3') + ^sin((A+l);6') 

- &m{kl3')) < 0. 

Since gt(fi) > 0, + 1 < 0. 

If A: is odd then gtifi) = 2 sin((A; +!)/?) + sin(/tje) - sin((/fc - 
= -2 sin((;t + l)j6') + sin(;t/?') + sin((;t - l)j8) > 0. 



= - sin((;t - 2)/3) + 3 sin(A:y6) + 2 sin((;t + l)/3) 
= - sin((;t - 2)/3) + 3 sin(A:y6) - 2 sin((;t + 

= 3(sm(k/3'))-^sm((k-2)/3') 
-^sm(ik+l)fi')>0. 



Smceg,(J3)<0,^^^ + l<0. 
gkiP) 

3. Let a' - n - a. Then < a' < . We note that if n 

4k- 1 

is even then cos(«a) - cos(«a') and if n is odd then cos(na) = 
— cos(nQ'')- 



gk(J3) cos(na) - gk-i(j3) cos((n - l)^) 



cos{na) _ gk-i(J3) ^ 
cos((n - 1)0-) gkifi) 



Since « - 2k, we have cos(nQ') = cos(nQ;') and cos((n- 1)^) = 
-cos((« - l)a') < 0. Since < (n - l)a' < na' < n and 
in — 1 )u 7T 

(n - l)a' < < -, we have cos((« - l)^') > cos(na')j 

2n - 1 2 



COS(«Q') 

-cos((n - l)^) > cos(nQ') and 

cos((n - l)^) 

cos{na) gk-iifi) 



gk-iifi) 



< -1, we have 



> -L Since 
> 0. 



gk(l3) cos((« - \)a) gk(J3) 

If k is even then gtifi) > and cos((n - l)^) < 0, then 

gk(J3) cos(na) - gk-iiJS) cos((« - l)/3) < 0. 

If k is odd then gk(J3) < and cos((n - l)a) < 0, then 

gk(J3) cos(na) - gk-ii/S) cos((n - 1)^) > 0. 



Proposition 22. Ifk > 3 and A2(-C(P2k,k)) the second eigenvalue 
of£(P2k,k) then 

7T 



1 - COS 



4k- 1 



< W(P2k,k))- 



Proof. Let < c < tt. If 1 + cos a < I- cos 



4k - 1 



then cos a < 



- cos 



4;t- 1 



and 



4k- 1 



< a. By Theorem 



we have Pn.kiX) + Q\f 
shows that 



n 



and Lemma 
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1 - cos 



4k -\ 

7T 



4k- 1 



Example 9. If A = 3 then n = 6 and 1 -cos 
If k - 4 then n = 8 and 1 - cos 



< a < 7T and A - I + cos a. This 

< M-aP2k.k))- 



4k- 1 



4k- 1 
= 0.02185- 



0.0405 ■ 



The 



blue curve in the Figure |7] is y - p(,,3{x) and the red curve is 
y = p&,4(x). 

4.6. Eigenvalues of X.(Rn,k) 

Example 10. The adjacency matrix and the normalized Lapla- 

cian matrix of a graph R^ s- 

/ 1 o'o X 
' 1 1 * 
101000000 000000000 
001010000 000000000 
000101000 000000000 
00001010000000010000 
00000101000000001000 
00000010100000000100 
00000001010000000010 
0000000010 000000001 
OOOOOOOOOOOIOOOOOOOO 
00000000001010000000 
OOOOOOOOOOOIOIOOOOOO 
OOOOOOOOOOOOIOIOOOOO 
00000000000001010000 
OOOOOIOOOOOOOOIOIOOO 
00000010000000010100 
00000001000000001010 
.00000000100000000101, 
^00000000010000000010^ 
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-0.0002 
-0.0004 
-0.0006 



Figure 7: Eigenvalues of f (, 3 and P\ 



8,4 



X.iR5,5) can be written as 
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Theorem 6. Let n > 3, k > 3. The characteristic polynomial of 



where 



\^h{n+k) - ■£{Rn.k)\ - Pn,k{X) ' qn,kW, 



Pn,k(A) 
qn,k{X) 



1 



2"3* sin/? 
1 

2"3*^ siny 



igkifi) cos(na)) - gk-i(P) cos((n - l)^)), 



(hkiy) cos(na) - hk-i{y) cos((n - l)a)). 



2 2 
and A - I + cos a - -(1 + cosyS) = -(2 + cos y). 



\Ck(A ■ 



4 1 



3 1 



)l 



hk(y) 



3' 3' 2' V5 2 ■ 3* ■ siny 



we have 



1 1 1 4 13 1 

= --,\Bn-2(A - 1, — , A - 1, -)| • \Ck(A ---A--, — )| 
4 V2 2 3 3 2 V6 

1 1 4 13 1 

+{A - l)|S„_ia -1,^,^-1, ^)\ ■ \Ct{A --,-,A--, — )| 
V2 2 3 3 2 



6 V2 
1 cos((« - 2)a) 



1 4 13 1 

2 3 3 2 

hkiy) 



+ cos a ■ 



21.-3 2-3*-siny 
cos((;j - 1)0-) hk(y) 



2"-~ 
1 cos((« - l)a) 
6" 



2 • 3* ■ sin y 

hk-iij) 



2«-2 



2 • 3*-' 



sin 7 



1 



-(-cos((n - 2)a)hk(y) + 2cosQ'Cos((n - l)^) 



2" ■ 3* ■ sin y 
hkiy) - cos((n - l)a)hk_i(j)) 

^„ J . — (cos{na)hk(y) - cos((n - l)a)hk-i{y)) 
2" • 3* • sin y 

qn.kW- 



We note that 



- cos((n - 2)a) + 2 cos acosCCn - l)a) 
- - cos Q'Cos((n - l)a) - sin a sin((n - l)a) 
+2cosacos((n - l)a) 





= cosacos((n- 
= cos(na). 


l)a) 


- sinQ'sin((n - \)a) 


So we have. 








Ahin+k) - ■C.(Rn,k)\ 

B„(A-l,^_,A- 




Xn,k 






CkiA - |, ^,A - ^, 



B„(^-l,^,i-l,|) 


Xn,k 











2 2 
where A - I + cos a - -(1 + cosyS) - -(2 + cosy). 



□ 



Definition 39. Let n > 1. we define two matrices 
r((fl,)i</<,„ {bi)i<i<„-i,(ci)2<i<„) and F as follows: 



T{(a 


) I </<« 


,(bd 


I </■<«- 




2<i<«) 




' ai 


bi 
















C2 


fl2 


bi 


















fl3 


b, 


















C„-2 


fl„- 


2 b„-2 


















1 fln-l 


b„- 


I 













Cfi 


a„ 



and 



1 1 cosfna) 

Proof. Since \B„(A - 1, ^ - 1, -)| = -^-^ and 



F - ifij) 



ij'l<ij<n. 



where fj = 



10 (otherwise). 
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Lemma 19. 

■ T((ad, (bi\ (c,.)) ■ F = i-bi), i-cd). 

Proof. First, we note that F"' - F. Each element of or c,- is 
in odd row and even column or even row and odd column. The 
right multiplication of F changes the sign of an odd row and 
the left multiplication of F changes the sing of an odd column. 
The sign of a, is changed twice and the sign of hi or c, is changed 
once. So we have F-^-T{{ai), (bd, (ci))-F = T((ai), {-bj), (-c,)). 

□ 

Proposition 23. Letn> l,k> 2, 



P = 



B„(l,-^,l,-i) 




n,k 


r 11 1 X 

^'■■''3' 3' 2' VS-" . 



and 





Xn,k 


n.k 


^ /4 13 1 X 
'-"3' 3' 2' V6^ . 



1. Let /I e ant/ ii e /?"^*. 77im f m — Au if and only if 
Q(Fu) = (2 - A)(Fu). 

2. An eigenvalue A ^ of P is simple. 

3. An eigenvalue A ^ of Q is simple. 

4. Let /i e ^R, M = {ui)\<i<2{n+k) £ and u, = Un+k+i 
fl < i < n + k). Then £.{R„k)u — Au if and only if Pu — Au, 
where u = (m,) !<,<„+*:. 

5. Let A e %, u = (m,)i<,<2(„+j:) g r^("+'''> and ui = —Un+k+i 
(\ < i < n + k). Then £,{R„^k)u — Au if and only if Qu — Au 
where u - (m/)i 



Proof. 1. First, we note that Q - F^^(H-P)F by Lemma 19 
So Q and 21 -P have same eigenvalues and Fu is an eigen- 
vector of Q if and only if u is an eigenvector of P. 

2. If A is not simple, we can have an eigenvector u - 
iui)\<i<n+k, where mi - 0. By Pu - Au and A Q, we 
have u - and it contradict that u is an eigenvector of P. 
So we have A(i^ 0) is simple. 



3. It is similar to 2. 

4. Assume X.iRn,k)u = ^^m, then we have Pm 
computations. The converse is also hold. 

5. It is similar to 4. 



Au by direct 



P = 



1 



V2 






1 

V2 



1 





1_ 

3 

J_ 

V6 






1 

' V6 



, and 



Q 



1 

1 

' V2 






1 

' V2 

1 

1 

' V6 





'4^ 

3 

1 

' V6 



fe 

2 



Eigenvalues of 7?2,2 are 2., 1.79533, 1.62867, 1, 1, 0.371333, 
0.204666 and 0. Corresponding eigenvectors are 



0.707107 
-6.90985 
-0.S68326 
0.707107 
-0.707107 
-0.868326 
-6.90985 
0.707107 



7.772 
0.772002 



-0.772002 
-7.772 



1.22474 
-3.1729! 
0.315168 
-1.22474 

1.22474 
0.315168 
-3.17291 

1.22474 



-0.707107 
-6.90985 
0.868326 
0.707104 
0.707104 

-0.868326 
6.90985 
0.707107 



7.772 
-0.772002 



-0.772002 
7.772 



-1.22474 
-3.17291 
-0.315168 
-1.22474 
-1.22474 
0.315168 
3.17291 
1.22474 



Eigenvalues of P are 1.79533, 1, 0.371333, and 0. Correspond- 
ing eigenvectors are 



-6.90985 7.772 

0.707107 0. 

-0.868326 -0.772002 

0.707107 1. 



-3.17291 1. 

-1.22474 1. 

0.315168 1. 

1.22474 1. 



Eigenvalues of Q are 2, 1.62867, 1, and 0.204666. Correspond- 
ing eigenvectors are 



-0.707107 
0.868326 

-0.707107 
6.90985 



1. 

-0.772002 
0. 
7.772 



-1.22474 1. 

-0.315168 1. 

1.22474 1. 

3.17291 1. 



Each eigenvector of P is corresponding to an even eigenvector 
of X(^2,2) and Q an odd eigenvector of X(^2,2)- Even though 
eigenvalues of P and Q are simple, an eigenvalue 1 of X(^2,2) is 
not simple. 

5. COUNTER EXAMPLES FOR McUt(G) LcUt(G) 

This section present counter example graphs, on which spectral 
methods and minimum normalized cut produce different clus- 
ters. 

5.1. Mcut{G) AND Lcut(G) 



Example 11. Lein = k = 2. Then 
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Definition 40 (Lcut(G)). Let G - (V, E) be a connected graph, 
A2 the second smallest eigenvalue of X(G), U2 - ((1/2);) 
(1 < i < a second eigenvector of X(G) with Az- We as- 
sume that A2 is simple. Then Lcut(G) is defined as Lcut(G) = 
Ncut(V^(U2) u y°(t/2), V-(U2)). 

Example 12. Figure |8] shows some examples, where 
Mcut{G) - Lcut{G) and Mcut(G) + Lcut(G). 

Proposition 24 ( lfT6l ). Let G = (V, E, w) be a weighted graph, 
W the weighted adjacency matrix of G, L the weighted dif- 
ference Laplacian L(G) of G, and A a subset of V. If vector 
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(a) Uut{G) = Mcut(G) 



(b) Lcut(R4j) = Mcut(R4.j) 



2. 



y^Dy = Yj d'f, = Yj ^'>'' + Z 
/=! leA ieV\A 



voZ(A) 
vo/(V \ A) j 



= vol(A) — ^ ^ ' +vot(V\A)- ^ ' 



vol{A) 



vol(V\A) 



= voKV). 



(c) Mcut{R(i_4) (d) Lcut(R6,4) 

Figure 8: Mcut{G) and Lcut(G). 
y - (ji, . . . , y„)^ € !R" is defined as 



7. y^Ly = voZ(y) ■ NcutiA, V \ A), 

2. y^Dy = vol(V) and 

3. (Dyft^O. 
Proof. 1. 

/Ly = y^Dy-y^Wy 

n 

= Yjd.yJ -J^yiWijyj 



'•J 

x2 



1=1 i.j 

1 " 

2 2 ~ 



This can be further reduced to, 



/eA,;e(l'\A) I, 1 



jvol{V\A) 
vol{A) 



vol(A) 
vol( V \ A) 



j vol{A) 


\vol{y\A) 


^ vol(V \ A) 


^ vol(A) 



ie(V\A),;eA 

, vol(A) voliV \ A) 
cut(A, V\A)\ ..... \ + — ^ + 2 



vol(V \ A) voI(A) 

= c«f(A, v \ A) 1 

\ vol(y\A) vol(A) 

= vol(V).Ncut(A, V \ A). 



(Dyfl 



Y^d.y, 

;=I 



vo/(A) 
0. 



vol{V \ A) 
vo/(A) 

vo/(V \ A) 
voZ(A) 



vol(A) 
vol{V\A) 



vol(y\A) 



vol{A) 
vol{V\A) 



By Proposition 24 we have 

y^Ly 



Ncut(A, V \ A) 



yTDy 

y^(D - ty)y 
y-^Dy 



z'£(G)z 

where z = D'^^y and ^(G) = 7 - D-^'^WD-^'^. The least 
eigenvalue of X.(G) is and an eigenvector is D^^^l. Let /}2 be 
the second eigenvalue of -C{G). It is well known 



mm 



\zen",z± D'lH 

z' z 

z^UG)z 



If z is a second eigenvector, then A2 - 



andz ± D'/^i. 



These results guide to consider relations between a set A attain- 
ing Mcut{G) - Ncut(A, V \A) and a set V'^(U), where f/ is a 
second eigenvector of X.{G). The set V^{U) is a good approxi- 
mation of A. 

5.2. The gr aph 7?„ ^ 

In this section, we review the formulae of Mcut(R„ k) and con- 
ditions in Theorem |2] consider some properties of subsets A of 
y{Rn,k)7 which attains Lcut{R„j^) = Ncut(A, V \ A), and assign a 
condition of n and k to cause Mcut{R„ ic) + Lcut{Rn it). 
Let R„^k = (V, E), y = {v; I 1 < / < 2(n + k)}, where 

fx; (1 < / < n -hA:), 

V, = < 

(« + ^ + 1 < ! < 2(n -H k)). 
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We review subsets Ai, A2 and A4(q') defined in the proof of The - 
orem|2] That is 



Ai 
A2 
A4(a) 



{v; I 1 < / < n + A;), 
{v; I 1 < / < n), and 
{vi,Vi+„+k I 1 < / < n + a) 
(1 < a < k). 



For a vector U = (ui,U2, . . . ,U2(n+k)) 6 ^H.2(n+A)^ write 
f7 = (mi, M2, ■ • • , M„+i) e ^R"^*^. For a vector U = 
(Ml, M2, . . . , M(„+^)) G 51"+*, we write (f7, U) e 5l2(«+*) ^ yg^-joj. 

f/ = (mi,M2, ■■■,M2(«+/t)) 6 !R2(«+/c) g^gJJ jjjjjj = u. (1 < 

i < n + k). In this section, we consider an automorphism 0, 
where 0(v,) - Vi+„+k to consider even and odd vectors. 

Proposition 25. IfU = iu\,U2, ■ ■ ■ , U2(n+ky) is an eigenvector of 
£.{Rn,k) with an eigenvalue A, then U is an eigenvector of £,(P„ k) 
with an eigenvalue A. Conversely, ifU = (mi, M2, . . . , u„+k) is an 
eigenvector of £.{P„^k) with an eigenvalue A, then U — (U,U) is 
an eigenvector of £,{R„^k)- 



Proof. If U is an even vector then we can write U 
The matrix £.{R„^k) can be written as 



mn,k) = 



£1 



c 



where Xi is the {n + k)x(n + k) principal sub matrix of £,{Rn,k) 
and C = (Cjj) is the (n + k)x{n + k) matrix such that 



-J ifn+l<i<n + k and / - j, 
otherwise. 



We notice that -Ci + C = -C{Pn,k)- If is ™ eigenvalue of £.{Rn.k) 
then £,{Rn,k)U - AU can be written as. 



£1 C 
£1 



u 
u 



= A 



This gives 



ZxU + CU = AU. 



This can be written as, (Xj + C)U - -L{P„,k)U - AU. Therefore 
A is an eigenvalue of -C{Pn,k) and U is an eigenvector. Thus if 
U is an even vector of X.(Rn,k) with eigenvalue A, then U is an 
eigenvector of £.{P„^k) with the same eigenvalue. The converse 
also holds. □ 

Proposition 26. Let U — (ui,U2, . . . , M(„+i)) be an eigenvector 
of £XPn,k) with a second smallest eigenvalue A2. Then there 
exists some o- € Z+ such that m,- > (1 < / < a) and 
Ui < Q {a + \ < i < n + k) or Ui < Q (\ < i < a) and 
Ui>Q {a + \ < i < n + k). 

Proof. \f U - {ui,U2, . ■ . ,u„+k) is the second eigenvector of 
Z{P„,k), then U ± D^^H. Then by LemmaQ V^{U) + and 
y"(J/) + 0. Since A2 is simple, induced subgraphs by y+(f/), 
V'(U), y+(t/) U y"(f/) and y~(t/) U y°(f/) are connected by 
the nodal domain theorem |31. Thus there exists some a e Z+ 
as given in the proposition. □ 



Corollary 2. If U — (u\,U2, . ■ . , u„+k) is a first eigenvector of 
-C(Pn,k), then U — ( U, U) is a first eigenvector of £,(R„ k). 

a 

Proposition 27. Let A2 be the second smallest eigenvalue of 
-C(Rn,k), ^'2 the second smallest eigenvalue of £,{P„ k), and U = 
{u\,U2, . . . , M2(«+A:)) eigenvector of £,(R„ k) with A2. If U is an 
even vector then A2 — A^. That is U — {u\,U2, ■ . . ,u„+k) is an 
second eigenvector of £.{P„ k) with A'^. 

Proof. Since U is an even vector, U is an eigenvector of £,{Pn,k) 
with A2. So we have A'^ < A2. We note U ± D^'^(R„,,)t and 

U ± D'/HPn.k)l- 

Let U' = (Mj, Mj, . . . , M^_|_j.) be a second eigenvector of X.iPn,k) 
with Ai. Since (U', U') is an eigenvector of -L{Rn,k) with Ai, we 



have A2 < Ai and A2 



4. 



Let A2 be the second eigenvalue of R„^k, U an eigenvector of 
Rn,k with A2. Since A2 is simple, induced subgraphs by V^{U) 
and V^(U) U V^{U) are connected by the nodal domain theorem 
H). Since U is an odd vector or an even vector, it is easy to show 
Lemma I20I and Lemma [21] 

Lemma 20. Let U — (u^, . . . , U2(„+k)) be a second eigenvector 
of £.{Rn,k)- IfU is an odd vector then 

Lcut{Rn,k) - Ncut{Ai,V \ Ai). 



Lemma 21. Let U — (ui, . . . , U2(n+k)) be a second eigenvector 
of £.(Rn,k)- IfU is an even vector then there exists a (I < a < k) 
such that 

Lcut{R„^k) - Ncut{Ai,{a), V \ A^ia)). 



Proposition 28. Let G - R„,k{n > l,k > 2). Ifn and k belong 
to the following region R then McutiG) < Lcut(G). 



R = {(n, k) I {(k > 4) A (2 I fe) A (3 I n) A 

1 3^ 3k 
(1 - — - — + — <«)) V 
V2 2 V2 

(fe = 2 A (n > 2)) V (A: = 3 A (n > 3))). 

Proof. Let G - (y E), K\, K2, K3 and K4 are formulae defined 
in the Theorem |3] If A; > 2 then K2 < < K4 < Ki. So if 
(«, k) e R then Mcut(G) - Ncut(A2, V \ A2) and denoted by C2 
in the Theorem |2l 

Let U - {u\,U2, . . . , U2(n+k)) be an eigenvector corresponding 
to the second smallest eigenvalue of X.(Rn,k)- If U is an odd 



vector, then Lcut(G) - Ncut(Ai,V \ Ai) by Lemma 20 So we 
have Mcut(G) < LcutiG) by Theorem|2] 

If U is an even vector, then Lcut{G) = Ncut{A4{a), V \ A4{a)) 
for some a by Lemma [2T| So we have Mcut(G) < Lcut(G) by 
Theorem |2] □ 

Theorem 7. Let k > 3, A2(£(P2k,k)), M£(P4k)), and 
A2{-C(R2k,k)) th^ second eigenvectors of £.(_P2k,k)> -£(^4*:). and 
■C(R2k,k), respectively. 
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1. A2UiPAk)) < M-aPiKk)). 

2. umikM)) < MUPAk)). 

3. A second eigenvector U of £,(R2k,k) is an odd vector. 

4. The second eigenvalue of £,(R2k,k) is simple. 

5. Mcut(R2k,k) < Lcut(R2k,k)- 



4. By 3. and Proposition 23 3. and 4., A.2(X.(R2k,k)) is simple. 



Proof. 1. Since /t2(-C(f'4/t)) = 1 - cos( | by Proposi 

§\4k -II 
we have A2i-C(P4k)) < h(-CiP2k,k)) by Proposi 



5. Since the second eigenvector of R2k,k is an odd vector, 
Lcut(R2k,k) - Ncut(Ai,V \ Ai) by Lemma pO] Thus we 
have Mcut{R2k,k) < Lcut(R2k,k) by Theoreml2l 

□ 

6. Conclusion 



2. Let A = {aij)i<ij<4k be the adjacency matrix of P^, B = 
(bij)i<ij<6k be the adjacency matrix of R2k,k, d = (di)\_<i<i,k. 



6k 



Let 



We presented a survey of the known resuhs associated with dif- 
ference, normalized, and signless Laplacian matrices. We also 
stated upper and lower bounds for the difference and normal- 
ized Laplacian matrices using isoperimetric numbers and the 
Cheeger constant. We gave a uniform proof for the eigenval- 
ues and eigenvectors of paths and cycles on the basis of all three 
(e,) where e, - ^ bij, and Laplacian matrices using circulant matrices, and presented an 

alternate proof for finding the eigenvalues of the adjacency ma- 
trix of cycles and paths using Chebyshev polynomials. We also 
introduced concrete formulae for Mcut(G) for some classes of 
graphs. Then, we established characteristic polynomials for the 
normalized Laplacian matrices X.{Pn,k) and X.{R„^k)- Finally, we 
presented counter example graphs based on R„^k, where Mcut(G) 
and Lcut(G) produce different clusters. In particular, we estab- 
hshed criteria for Mcut(G) and LcutiG) to have different values. 



where c/, 

X - (x,)i<i<4/t an eigenvector of X.{P4k) corresponding to 
A2(-C(P4k)) with x^x = L We note that dH ± jc and 



4k 4k 



'■=1 ./=I 



Xi 



an 



Xi (\<i< 2k) 

{2k+\<i<3k,5k+l<i< 6k) 

xjk-i+i Ok + 1 < ; < 5k) 

and consider a vector y - (yi)i<i<6k- Since jc is a sec- 

6k 4k 

ond eigenvector of £.{P4k), we have = ~ ^' 

;=1 /=1 

6k 4k 

^feiyi - ^ V^x; = 0, and X2k - -X2k+i + 0. So we 

!=1 1=1 

have y y - \,e^\ ± y, and 

MR2k.k) = inf — 

1 - u' u 

< y''£(R2k.k)y 

, 6k 6k / ■ ^ 

1 Vn vn / Ji 



,=1 J=l 

J 4k 4k 



a,-; 



Xlk ^2k+l 



yik _ yik+i \ _^ / ysk yst+i 



x2 



-.2 



^d2k 



X2k 



ysk 



= ^2(i:(P4*))-2 

< A2U(P4k)) 



3. If a second eigenvector U of -C(R2k,k) corresponding 
to A2{£.(R2k,k)) is an even vector, then A2{X.iR2k,k)) = 



A2(-€(P2k,k)) by Proposition 23 But it contradicts that 



A2{ZiRik,k)) < A2(-C(P2k,k)) induced by 1. and 2. So we 
have a second eigenvector U of X.(R2k,k), which is an odd 
vector. 
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